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1 Introduction and results 

The Hofer-Zehnder capacity of an open subset of a symplectic manifold, is a 
measure of the size of the set in terms of the periodic orbits of the autonomous 
Hamiltonian flows it supports. This symplectic invariant was introduced by 
Hofer and Zehnder in [SHI, wriere the authors also compute its value for the 
standard symplectic cylinder Z 2l (R) = B 2 (R) x R 21 - 2 in (R 21 , 0.21 ) ■ In partic- 
ular, they prove that 

cuz(Z 2l (R))=7rR 2 . (1) 

This remarkable result illustrates the symplectic nature of the Hofer-Zehnder 
capacity by distinguishing it from the volume. Moreover, it yields an alternative 
proof of Gromov's famous nonsqueezing theorem and hence it serves as an 
important link between the existence problem for periodic orbits of Hamiltonian 
flows and symplectic rigidity phenomena |39| . 

Viewing the symplectic cylinder Z 2l (R) as a tubular neighborhood of the sym- 
plectic submanifold R 2 ' -2 C R 21 , equation Q naturally leads one to the fol- 
lowing question which motivates this work. 

Let M be a closed symplectic submanifold of a symplectic manifold (W, O) , and 
let Un be a symplectic tubular neighborhood of M with (sufficiently small) 
radius R . Is the Hofer-Zehnder capacity of Ur equal to irR 2 ? 

Of course, to make this precise one must specify what is meant by a symplectic 
tubular neighborhood of radius R. These are neighborhoods of M on which 
the symplectic form has a standard normal form. They are defined below in 
Section |21 

It follows from Weinstein's Symplectic Neighborhood Theorem that any sym- 
plectic invariant of Ur is completely determined by three factors; the radius 
R, the restriction of f2 to M , and the isomorphism class of the normal bundle 
of M in W . The real question then is whether the Hofer-Zehnder capacity is 
independent of the last two factors. It is interesting to note that an affirma- 
tive answer in either case would further distinguish the Hofer-Zehnder capacity 
from the volume. In particular, Hermann Weyl's famous formulas for the vol- 
umes of tubes jSni EH! , demonstrate that the volume of a tubular neighborhood 
of a submanifold depends, in general, on both the volume of the submanifold 
as well as the class of its normal bundle. 

The question above is also relevant to several active areas of research in Hamil- 
tonian dynamics and symplectic topology. In the study of the Hamiltonian flows 
which describe the classical motion of a charged particle in an electro-magnetic 
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field, an affirmative answer to this question immediately implies the existence of 
periodic orbits on almost all low energy levels (see, for example, |12M26ll5U] and 
Section [2.21 below). Following the work of Lalonde and McDuff from |44j . this 
question is also of great importance in the study of Hamiltonian paths which 
minimize the Hofer length |53| . As well, Biran's decomposition theorem from 
[3] shows that a closed Kahler manifolds can, in some suitable sense, be "filled- 
up" by a symplectic tubular neighborhood. Hence, an affirmative answer to 
the question above would have many implications for the symplectic topology 
of closed Kahler manifolds. 

The first results concerning this question were obtained for trivial symplectic 
tubular neighborhoods of the form M x B 2 (R) , where M is closed and the prod- 
uct is given the obvious split symplectic form. These began with the following 
theorem. 

Theorem 1.1 (Floer-Hofer-Viterbo j2HJ) If (M,u>) is weakly exact, that is, 
if uj vanishes on ^(M), then c^z(M x B 2 (R)) = ttR 2 . 

This was later extended to the case when (M, uj) is rational by Hofer and 
Viterbo in jHH]. In the context of studying length minimizing Hamiltonian 
paths, McDuff and Slimowitz also proved more general results for slightly dif- 
ferent capacities in [53]. The result for general symplectic manifolds [M, u) was 
proved recently by G. Lu in [IH] using the theory of Gromov-Witten invariants 
and, in particular, Liu and Tian's construction of an equivariant virtual moduli 
cycle from |47j . 

In this paper, we prove that a refined Hofer-Zehnder capacity of a symplectic 
tubular neighborhood Ur is equal to irR 2 for all small R > 0, provided that 
the ambient manifold (W, f2) is geometrically bounded and symplectically as- 
pherical, and the homology of the unit normal bundle of M splits in degree 
2m = dim(M) . To state the result precisely, we must first recall the definition 
of the Hofer-Zehnder capacity and introduce the refinements considered here. 

Remark 1.2 Several other recent works jSJ 1121 1261 I5U1 I59j have also been 
devoted to this question. A comparison of our results and methods to those 
from [5J El HOI CEIl EO is contained in Sections 11.31 and 11.41 below. 

1.1 Hofer— Zehnder capacities 

On a symplectic manifold (W, fi) every Hamiltonian H : W — ► M determines a 
unique Hamiltonian vector field Xh via the equation 

n(x H ,-) = -dH(-). 
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If dH is compactly supported, then the flow of Xh is defined for all time (we 
will also refer to this as the Hamiltonian flow of H). We denote the flow for 
time t by <$> H . 

Let U be a nonempty open subset of W . The set of test Hamiltonians on U, 
Htest(U), is defined to be the set of smooth nonnegative functions H : W — > 
[0, oo) with the following properties: 

• H has compact support contained in U . 

• The set on which H takes the value zero has nonempty interior. 

• The set on which H attains its maximum value, max(ff), has nonempty 
interior. 

A test Hamiltonian H is said to be admissible if: 

(*) The Hamiltonian flow of H has no nonconstant periodic orbits with period 
less than or equal to one. 

The Hofer-Zehnder capacity of U in (W, O) is then defined to be 

crz(U) = sup{max(if) | H G H.te&t{U), H satisfies (*)} . 

By changing the admissibility criterion and/or the set of test Hamiltonians one 
obtains different Hofer-Zehnder capacities, |26[ I48[ l50 | I60j . Here we consider 
a weaker admissibility criterion which is defined using the action functional 
on the space of smooth contractible loops in W. For this reason, we will 
assume that (W, O) is weakly exact, ie fil^ran = 0. Under this assumption, 
each smooth map x : S 1 — ► W has a well-defined symplectic area 

A(x) = / V*UJ, 

Jd 2 

where v is any smooth map from the disc D 2 to W which satisfies v\qd2 = x. 
For a fixed H E Ht es t(U), the action of x G L is then defined by 

A H (x)= [ H(x(t))dt - A(x). 
Jo 

The critical points of the action functional Ah ■ £- —> ^ are precisely the con- 
tractible periodic orbits of H with period equal to one. A simple, but crucial, 
observation is that the Ah -value of any constant periodic orbit of H must 
be less than or equal to raax(H). This leads us to the following admissibility 
criteria for Hamiltonians on weakly exact manifolds. 
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(*)!' K The Hamiltonian flow of H has no nonconstant contractible periodic 
orbits with period equal to one and action in the interval 

(max(-ff), max(H) + k) 

for k > 0. 

The corresponding capacity of an open subset U C W is then defined by 

c%£(U) = sup{max(if) | H G H te8 t(U), H satisfies . 

This refined capacity contains the maximum amount of information yielded 
by the squeezing techniques we employ here. The effort invested in retaining 
this information is repaid by the fact that the almost existence theorem for 
this capacity includes a bound for the symplectic area of the periodic orbits, 
(Theorem 12. 2|) . Similar area bounds were obtained by Hofer and Zehnder in 
their original work |37| on dense existence results in (M 2 ',^;)- These bounds, 
as well as some applications, are described in Section EJ 

The invariant has the usual properties of a symplectic capacity: 

(1) Invariance If eft is a symplectomorphism of (W, fi), then 

(2) Monotonicity If U C V, then (U) < c^{V). 

(3) Homogeneity Let the notation c^(U, Q) reflect the dependence of the 
capacity on the symplectic form. Then for any constant a > 

4' z K (C/,aO) = |a|4 z K/H ([/,0). 

(4) Normalization If (W,fl) = (R 2l ,n 2 i), then 

c^t R2 (B»(R)) = vrii 2 = C^ R \Z*\R)). 

The first three of these properties follow easily from the definition [39] . The 
normalization condition, in particular the fact that 

cllt R \z 2l {R)) = ^R\ 

can be proved using the methods developed here. 

We also note that for all k' > n > we have 

Ch' z k (C/) > Ch' z k > c HZ (U). 

Moreover, since our capacity only detects contractible periodic orbits, there 
are sets U with c^(U) = oo and cuz(U) < oo. (For example, let U be a 
neighborhood of a noncontractible loop in T 2 .) 
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1.2 The main result 

For the remainder of the paper our ambient symplectic manifold will be (W, £1) , 
and M C W will be a closed symplectic submanifold of dimension 2m and 
codimension 2n. The restriction of f2 to M will be denoted by u. 

We will assume that (W, f2) is symplectically aspherical. That is, ^| 7I - 2 (vk) = 
and c\ ^(w) = 0) where the forms $7 and c\ act on tt 2 (W) by integration over 
(piecewise) smooth representatives. 

We also assume that (W, O) is geometrically bounded, which means that W 
admits an almost complex structure J and a complete Riemannian metric g 
for which 

• there are positive constants c\ and c 2 such that 

n(X,JX)> Cl \\X\\ 2 and \Q(X, Y)\ < c 2 \\X\\ \\Y\\ 
for all X,Y e TW, 

• the sectional curvature of (W, g) is bounded from above and the injectivity 
radius of (W, 5) is bounded away from zero. 

This assumption is trivial when W is compact. For noncompact manifolds it 
implies the required C°-bounds for the Floer moduli spaces. 

Finally, let E — ► M be a normal bundle of M in If, and let S(E) be the 
corresponding unit normal bundle with respect to some fibrewise metric on E. 
We say that S(E) is homologically trivial in degree 2m, if the homology of 
S(E) (with coefficients in Z2) splits in degree 2m, ie 

H 2m (S(E),Z 2 ) = H 2m (M,Z 2 ) ® H 2(m _ n)+1 (M,Z 2 ). 1 

For example, this splitting occurs if the normal bundle of M admits a nonvan- 
ishing section. It follows from the Gysin sequence that this condition is satisfied 
if the codimension of M C W is greater than its dimension (n > m) , (see, for 
example, [HI Section 11]). 

The following is our main result: 

Theorem 1.3 Suppose that (W, Q) is geometrically bounded and symplecti- 
cally aspherical. Let M C W be a closed symplectic submanifold whose unit 
normal bundle is homologically trivial in degree 2m. Then, for all sufficiently 
small R > 0, the symplectic tubular neighborhood Ur has rehned capacity 

1,2itR 2 m \ D 2 

c hz (Ur) = nR ■ 

For simplicity, group isomorphisms will always be denoted with an " = " sign. 
Geometry & Topology, Volume 9 (2005) 
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The monotonicity property of the capacity implies the following corollary. 

Corollary 1.4 For (W,£l) and M as in Theorem 11.31 every open set U C 
U R C W has c^ R \u) < ttR 2 . 

Remark 1.5 The size of the values of R for which our method of proof for 
Theorem lOl works is restricted by two factors. First, we are required to consider 
small enough neighborhoods of M on which $7 has a standard normal form. 
More importantly, even for trivial tubular neighborhoods, we need ttR 2 to be 
less than the Gromov width of (M, u) . 

1.3 Other recent results 

We now describe the content of some other recent works [Sl ll2ll^ll5Ull59j which 
also consider the capacity of symplectic tubular neighborhoods. 

As part of his work in [£], Biran finds an upper bound for the Gromov width of 
symplectic tubular neighborhoods of certain closed codimension-two symplectic 
submanifolds of closed Kahler manifolds. 

The papers |12[ I26[ I50| all consider various relative capacities of symplectic 
tubular neighborhoods. The monotonicity property of these relative capacities 
applies to small open sets which contain M . This is adequate to obtain new 
almost/dense existence results for certain Hamiltonian flows which describe the 
classical motion of a charged particle in a nondegenerate magnetic field (see 
Section l2~2T). 

In |12| and |26| . the ambient manifold is assumed to be geometrically 

bounded and symplectically aspherical. The paper |12| considers a relative ho- 
mological symplectic capacity which is defined as in [§]. For symplectic tubular 
neighborhoods Ur with sufficiently small radius, it is shown that this relative 
capacity equals ttR? . In [22j, the authors consider a relative version of the 
Hofer-Zehnder capacity which is defined using test Hamiltonians that attain 
their maximum value in an open neighborhood of the symplectic submanifold. 
They prove that the relative Hofer-Zehnder capacity of Ur is also equal to 
ttR 2 . This allows the authors to improve the dense existence results from |12j 
to almost existence results. 

In [SD], Macarini introduces a stabilization procedure which allows him to bound 
the capacity of a symplectic manifold (W, Q) which admits a free Hamiltonian 
circle action in terms of the capacity of compact subsets of VFxT*5 x . These sets 
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can be symplectically embedded into a trivial symplectic tubular neighborhood 
W x B 2 (R) whose capacity is known to be finite in various cases by [37)1 13H1 14U1 
153] . When applied to Ur \ M this yields bounds on certain relative capacities 
and allows Macarini to further improve the existence results from [121 126] by 
relaxing the assumption that the ambient manifold is symplectically aspherical. 

Most recently, in [59] . Schlenk has obtained a powerful new generalization of 
Hofer's energy-capacity inequality from [33], where the standard capacity is 
replaced by the contractible capacity and the displacement energy is replaced 
by the stable displacement energy. The proof involves Macarini's stabilization 
procedure as well as several techniques and theorems from the study of Hofer's 
geometry on the space of Hamiltonian diffeomorphisms. 

Schlenk uses his energy-capacity inequality, together with the results of Lau- 
denbach, Polterovich and Sikorav on the displacement of subsets of symplectic 
manifolds, to obtain the following result: 

Theorem 1.6 (Schlenk [59] ) Let (W, fi) be a symplectic manifold which is 
geometrically bounded and stably strongly semi-positive. Let M be any closed 
submanifold of W such that either dimM < codimM, or dimM = codimM 
and M is not Lagrangian. Then every sufficiently small tubular neighborhood 
of M has finite (contractible) Hofer-Zehnder capacity. 

The hypotheses of this theorem are surprisingly mild and consequently, when 
dim M < codim M , it has much broader applications to Hamiltonian dynamics 
than one obtains from the bounds on capacities from [121 126| 150] or Theorem 

ED 

On the other hand, the more restrictive assumptions of Theorem 11.31 allow us 
to use the refined capacity ■ The almost existence theorem for this capacity 
includes bounds on the symplectic area of periodic orbits (Theorem 12 .2|) . and in 
certain cases these bounds can be used to obtain stronger existence theorems, 
(Lemma 12.3(1 . 

1.4 Comparison of techniques 

Outside of the techniques developed by Hofer and Zehnder for (M. 2l ,Q,2i), there 
are three general methods known to the author for bounding Hofer-Zehnder 
capacities. 

The first of these methods was introduced in [2U| and developed in (see also 
[47 ] 148 ] H"9" | 153] ) . This method utilizes Floer's version of Gromov's compactness 
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theorem for perturbed J-holomorphic spheres. Roughly speaking, one starts 
with a test Hamiltonian H and a nonempty moduli space S of regular J— 
holomorphic spheres with marked points which get mapped to xo £ {H = 0} 
and x max G {H = max(iJ)}. Then, the test Hamiltonian H is used to produce 
the family of perturbed Cauchy-Riemann equations dj + V(AiT) = 0, where 
A > 0. One can then show that: the collection of moduli spaces (A, S\) is 
noncompact; S\ is nonempty for small A > 0; and S\ is empty for all A greater 
than some positive constant (which bounds the capacity from above). Under 
suitable assumptions the source of noncompactness can then be identified as 
convergence to a broken Floer cylinder which breaks along a nonconstant orbit 
of some XH . 

In the present work, we use a squeezing argument in Floer homology from 
|26j . This is complementary to the previous method since it works best in the 
absence of holomorphic spheres and relies on Floer's gluing theorem as well as 
his compactness result. The general idea is to use the algebraic framework of 
filtered Floer homology to detect nontrivial orbits. The origins of the strategy 
can be found in the computations of Symplectic Homology in (see also 
[El 112] ^ . In j2H], these ideas were distilled by Ginzburg and Giirel into an 
effective method for finding upper bounds for Hofer-Zehnder capacities. 

To illustrate the basic principle, consider a test function H on a set U . The 
function H can be approximated from above and below by two model Hamil- 
tonians G+ and G_ , respectively, whose dynamics (and Floer homology) is 
completely understood. One then considers the monotone Floer continuation 
maps 

a G _ G+ : EF a ' b (G + ) —* HF°' 6 (GL), 

for action values a > max(H) . Floer's compactness and gluing theorems imply 
that this map must factor through HF a,b (H) . Hence, if one can show that 
o~g_g+ is nontrivial, then it follows that rlF a,b (H) ^ and H must have a 
1-periodic orbit with action greater than max(iJ). As described above, such 
an orbit must be nonconstant. In this way, one obtains an algebraic version 
of the existence problem. However, there are simple examples where the map 
cr G_G+ is trivial for all a > max(H) . Moreover, even when ctg_g+ is nontrivial, 
the precise transfer mechanism is often quite subtle. 

The results from [6l ll2[IT9l l26|. are all established using this type of argument. 
In these papers, it is possible for the authors to work at the homology level be- 
cause the model Hamiltonians G+ and G- have qualitatively similar dynamics 
on the relevant level sets. In the present work, this is not the case (the rele- 
vant level sets are not even diffeomorphic). To overcome this difficulty we are 
required to also work at the chain level in Floer theory. 
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For a description of the methods from Hofer's geometry used by Schlenk in |59j . 
the reader is referred to the paper itself as well as to the references [2S EZ1 ■ 
We only mention here that at the center of the argument lies the main result 
from [53] which gives a sufficient condition, in terms of periodic orbits, for a 
Hamiltonian H to generate a length minimizing path with respect to Hofer's 
norm. In turn, the main result in |53| is implied by an upper bound for a 
particular Hofer-Zehnder capacity of trivial symplectic tubular neighborhoods 
|44| . It is a remarkable fact that all the finiteness theorems for capacities implied 
by Schlenk's Theorem 11.61 can be traced to this one bound for the capacity of 
trivial symplectic tubular neighborhoods. 

1.5 Extensions of Theorem 11.31 

We now describe how some of the hypotheses of Theorem 11.31 can be relaxed. 

Most importantly, it should be possible to relax the hypothesis that (W, £1) is 
symplectically aspherical and instead assume that the minimal Chern number 
is sufficiently large and there exists a symplectic area gap, ie 



One can then repeat the chain level arguments described here using the Floer- 
Novikov complex from [31], which also comes with a filtration by the action 
functional. In particular, as described above, the proof of Theorem 11.31 relies 
on an analysis of the Floer complexes of two model Hamiltonians restricted to 
a specific action interval, say (a, b) . The orbits of these model Hamiltonians 
come with natural choices of spanning discs. By choosing b— a to be sufficiently 
small, the area gap (and the appropriate lower bound for the minimal Chern 
number) allows one to ignore all other choices of spanning discs. 

It will also be clear from the proof that Theorem ll.3l holds for the Hofer-Zehnder 
capacity which is defined using time dependent test Hamiltonians H : [0, 1] x 
W — > R such that H has compact support in [0, 1] x Ur and each function Ht = 
H(t, •) attains its maximum value on a common set with nonempty interior. 
(Such functions play a prominent role in |60|). 

Remark 1.7 The possible applications of the squeezing method for computing 
new bounds for Hofer-Zehnder capacities are restricted primarily by the fact 
that standard Floer theory counts only perturbed holomorphic cylinders (twice 
punctured spheres) and hence can only see periodic orbits in one homotopy 
class. In a joint project with VL Ginzburg and B Giirel [21] we will construct 



inf 

A£tt 2 (.W) 
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a more versatile version of Floer theory following the blueprint of Symplectic 
Field Theory Q3]. 

1.6 Organization of the paper 

In the next section, we describe some applications of Theorem 11.31 to classical 
Hamiltonian flows and Hofer's geometry. The remainder of the paper is de- 
voted to the proof of Theorem 11.31 In Section 3, we define symplectic tubular 
neighborhoods and reduce Theorem 11.31 to a result about the dynamics of test 
Hamiltonians on these neighborhoods, Theorem 13.31 The necessary tools from 
Floer theory are then described in Section 4. In Section 5, we prove Theorem 13. 31 
by reducing it to a sequence of statements about the nontriviality of monotone 
Floer continuation maps which are then proved using the tools from Section 4. 
AppendixEI contains the proof of an upper bound for the area of planar curves 
with positive curvature. This bound is needed for the applications in Section 2. 
Finally, a proof of a well-known result for the Morse homology of fibre-bundles 
is contained in Appendix iBl 
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2 Applications 

2.1 An almost existence theorem with area bounds 

When one can prove that the Hofer-Zehnder capacity of a symplectic manifold 
is finite, there are remarkable consequences for the autonomous Hamiltonian 
flows on the manifold. In particular, one obtains the almost existence theorem of 
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Hofer-Zehnder and Struwe |38l I64j . We recall the statement of this result below 
and show that the corresponding result for the refined capacity includes 
bounds on the symplectic area of periodic orbits. In fact, we will use a slight 
generalization of the almost existence theorem due to Macarini and Schlenk 

Let S C (W, $7) be a hypersurface, ie an oriented closed submanifold of codi- 
mension one. The restriction of £1 to S has a one-dimensional kernel which 
determines the characteristic foliation of S . A closed characteristic of S is an 
embedding of the circle into S whose image is a closed leaf of this foliation. 

If S is a regular level set of a Hamiltonian H , then the periodic orbits of H 
on S are in one-to-one correspondence with the closed characteristics of S . As 
demonstrated by the counterexamples in HU HS1 IS H2] > n °t every regular 
level set (hypersurface) carries a periodic orbit (closed characteristic). However 
it is still fruitful to study the existence question near a fixed hypersurface S . 
Following [HZj, one does this by considering a thickening of S. This is a diffeo- 
morphism ip: (—1, 1) x S — * W onto an open and bounded neighborhood of S 
such that ip(Q, ■): S — ► W is the inclusion map. In other words, ip determines 
a family of hypersurfaces S r = if^({r} x S) which are modeled on S . 

Theorem 2.1 (Hofer-Zehnder [2B], Macarini-Schlenk an d Struwe j(i4j ) 
Let U be a neighborhood of a hypersurface S in (W, fi) such that cnz(U) < oo . 
If ifi is a thickening of S whose image is contained in U , then there is a closed 
characteristic on S r for almost every r G (—1,1). 

The almost existence theorem corresponding to the refined capacity in- 
cludes bounds on the symplectic area. 

Theorem 2.2 Let S be a hypersurface of a weakly exact symplectic manifold 
(W, Q) , and let U be a neighborhood of S such that o^(U) < oo for some k < 
oo. If tp is a thickening of S with image in U , then almost every hypersurface 
S r carries a contractible closed characteristic x with symplectic area satisfying 
\A(x)\<c]£(U) + k. 

Proof This result follows easily from the arguments in |38[ I64j and their re- 
finements in [SJ. The key point is that during the usual limit process, outlined 
below, one can use the bounds on the action given by the capacity c\^ to obtain 
the bounds on the symplectic area. 

The limit process from |381 1511 164j is structured as follows. For a fixed r G 
(—1,1) one constructs a sequence of test Hamiltonians F{ on U such that 
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max(i ? j) > cnz(U) . It follows that each Fi has a nonconstant periodic orbit yt 
on some level S n . The functions Fi are constructed so that the converge to 
r . To prove the almost existence theorem, one then shows that the yi converge 
to a periodic orbit x on S r for almost all values of r. 

If this procedure is repeated using the refined capacity c^, we obtain a se- 
quence of nonconstant contractible periodic orbits with period equal to one, 
such that 

max(Fi) < / Fi(yi(t)) dt - A{yi) < max(F;) + k. 
Jo 

Since each Fi is nonnegative and j Q l Fi(yi(t)) dt < max(Fj), this implies that 

> A(yi) > - max(Fj) - k. 

The Fi can also be chosen so that max(-Fj) — > is arbitrarily small. In 
particular, for a sequence ej — > + we have 

> A(yi) > -c^2 - K-€i. 

Now, when the sequence of orbits ?/j converges, the limit x C <S r is a non- 
trivial contractible periodic orbit with period equal to one and symplectic area 
satisfying 

> A(x) > -c^ -k. □ 

The existence question for thickenings of a hypersurface was first considered 
for (IR. 2 ^, r^2/) by Hofer and Zehnder in [SZj. There the authors establish the 
existence of closed characteristics on a dense set of hypersurfaces in a thickening, 
and they also obtain the same information about the symplectic area of these 
characteristics. Since |H7] predates Floer's creation of his homology theory, it 
goes without saying that the methods used in [37] are much different from those 
used here. 

As noted in [H7J, the bounds on the symplectic area can be used, in the presence 
of certain a priori bounds, to prove the existence of periodic orbits on fixed hy- 
persurfaces (see also jSlEj)- More precisely, consider a situation where Theorem 
12.21 holds. That is, we have a hypersurface S and a constant K > such that 
for any suitable thickening i/j almost every hypersurface S r of if) contains a 
contractible closed characteristic x with < K . 

Lemma 2.3 j.S7j Suppose there is a thickening ip of S and a constant C > 
such that for any closed characteristic y in the image of ip we have 

\A(y)\ > Cl(y), 

where l(y) is the length of y with respect to some fixed metric. Then S carries 
a contractible closed characteristic x with \A(x)\ < c\^{U) + k. 
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Proof By Theorem 12.21 we can find a sequence rj — > such that there is a 
closed characteristic yi on S r . whose areas are uniformly bounded from above. 
The o priori bounds in Lemma 12 . 31 yield a uniform upper bound for the lengths 
of the yi . Since the lengths of closed characteristics are also uniformly bounded 
away from zero |37| . the result follows immediately from the Arzela-Ascoli 
Theorem. □ 

If 5 is a regular level set of some Hamiltonian H and the thickening i/j is 
determined by the nearby level sets of H, then the bound in Lemma 12.31 can 
be replaced by one involving the period instead of the length. In particular 
it suffices to find a constant C such that for any periodic orbit y of H with 
period T we have 

\A(y)\ > CT. 



2.2 Classical Hamiltonian flows 

Using Theorem l2.2l and Lemma f2.3l we describe in this section some applications 
of Theorem ll.3l to classical Hamiltonian flows. 

Let (M, g) be a Riemannian manifold equipped with a closed two-form a and 
a function V : M — » M. which has a minimum value of zero. To this data we 
associate the Hamiltonian flow on the cotangent bundle tt: T*M — > M defined 
by the twisted symplectic form 

Q a = dX + ir*a 

and the total energy Hamiltonian Hy '■ T*M —* R given, in canonical q,p- 
coordinates, by 

Hv(q,p) = y-\q)(p,p)+V(q). 

The flow of Hy with respect to £l a describes the classical motion of a charged 
particle on M under the influence of the magnetic field a and the (electro- 
static) force with potential V . For simplicity we will refer to this as the electro- 
magnetic flow for the pair (<r, V) . 

The problem of establishing the existence of periodic orbits for these flows has 
been studied extensively. When V = and a = this corresponds to the 
famous problem of finding closed geodesies for (M,g). When a = 0, Bolotin 
proved the existence of closed orbits on every regular level set in [Jj. When 
V = 0, it is known from 22 that there may exist regular energy levels without 
periodic orbits. However, for these purely magnetic flows, it is believed that 
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closed orbits exist on all small energy levels. Indeed, this has been established 
in many cases, (see, for example, fTl l""l l""TI I""""") ). 

Schlenk's recent work leads to the following almost existence result in this 
setting. 

Theorem 2.4 (Schlenk |59j ) For the electro-magnetic Bow determined by a 
pair (<r, V) with a 7^ 0, there are contractible periodic orbits on almost every 
sufficiently small energy level. 

From Theorem 12.21 and Theorem 11.31 we immediately obtain the following re- 
finement of this result under several extra hypotheses. 

Theorem 2.5 Consider the electro-magnetic Bow determined by a pair (a, V) 
where the magnetic two-form is nondegener ate. Suppose that (M, a) is sym- 
plectically aspherical and the unit normal bundle of M in T*M is homolog- 
ically trivial in degree dim(M) . Then there is a number K > such that 
almost every sufficiently small energy level carries a contractible periodic orbit 
with symplectic area less than K . 

Remark 2.6 The conditions on (M, a) are automatically satisfied in the im- 
portant case when (M, a) is an even-dimensional torus with any symplectic 
form. 

2.3 Example: nondegenerate magnetic fields on the flat torus 

According to Lemma 12.31 the area bounds in Theorem 12.51 can sometimes be 
used to pass from almost existence to genuine existence results. To the knowl- 
edge of the author, the only cases where this strategy has been used to obtain 
existence results is for classical flows with no magnetic term (a = 0), see 
[3TI 13*51 "31"] . Below we show that this strategy can also be used to partially re- 
cover the existence results of Arnold from 1 for nondegenerate magnetic flows 
on the flat torus. 

Let T 2 be the two-dimensional torus equipped with its standard flat metric. 
For angular coordinates q\ and q2 on the torus, we let p\ and P2 denote the 
conjugate momenta so that (q%, qz,pi,P2) are global coordinates on T*T 2 . We 
then consider magnetic two-forms of the form 

a = F(q 1 ,q 2 )dq 1 A dq 2 
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where the function F is nonvanishing and positive. The corresponding Hamil- 
tonian is the kinetic energy 

If we set pi = r cos 9 and P2 = r sin 9 , then the dynamics on the level {H = E} 
is described by the following deceptively simple system of equations 

q 1 = V2Ecos6, q 2 = V2Esm9, 9 = -F( qi ,q 2 ). (2) 

The fact that F is nonvanishing can be used to establish the existence of pe- 
riodic orbits on fixed energy levels. One way to do this is to note that if F 
is nonvanishing, then 9 is strictly decreasing under the flow. Following [Q, 
this allows one to define, for every energy value E, a Poincare return map 
ipE' T 2 — > T 2 whose fixed points correspond to periodic orbits on the level 
{H = E} . In particular, if (f) 1 denotes the flow on {H = E} , then ^Pe(qi,Q2) 
is defined by the equation 

<p t [(qi,q2),0] = [<M<71,<?2), -2tt]. 

In 1 , Arnold observes that the return maps ipE are all Hamiltonian diffeomor- 
phisms of T 2 , (see |46| for more details). Applying Conley and Zehnder's proof 
of the Arnold Conjecture for symplectic tori [T2], he then obtains: 

Theorem 2.7 (Arnold PP) For a nondegenerate magnetic field on the Bat 
torus there are at least three distinct contractible periodic orbits on every level 
set and at least four if they are nondegenerate. 

For nondegenerate magnetic flows in higher dimensions, these return maps do 
not exist and there is not yet a way to generalize Arnold's argument. We now 
show that it is possible to partially recover Arnold's result by using the fact 
that F does not vanish to establish the a priori bounds required in Lemma 12.31 
It is hoped that this strategy can also be used in higher dimensions. 

To begin, we note that when Theorems 1 1 . 31 and 12 . 21 are applied to the magnetic 
flows above we get: 

Proposition 2.8 For a nondegenerate magnetic two-form a = F(q\, q 2 ) dq\ A 
dq 2 on the Eat torus there is a K > such that almost every low energy level 
carries a contractible periodic orbit x with symplectic area \A{x)\ < K . 

At this point we observe that since F is nonvanishing, the projection to T 2 
of a closed trajectory of © is a closed curve with strictly negative curvature. 
This observation can be used to obtain the desired a priori area bounds when 
the relative variance of F is small. More precisely, let F and F denote the 
maximum and minimum values of F, respectively, and set Vf = F/F_. 
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Proposition 2.9 If Vf < \f\, then there is a continuous function C(E) > 
such that 

C{E)T< \A{x)\. 
for every periodic orbit x of (J2J) with period T and energy E . 

By Lemma l'2. 31 we will then have 

Theorem 2.10 Let a = F(q\,q2) dqi A dq% be a nondegenerate magnetic two- 
form on the Eat torus such that 




For the corresponding magnetic Bow, there is a contractible periodic orbit on 
every sufficiently low energy level. Moreover, the symplectic areas of these 
orbits are uniformly bounded. 

Remark 2.11 The orbits detected in Theorems 12 . 71 and 12 . 1 Ul mav be different. 
In particular, Theorem 12.71 finds closed orbits on {H = E} which wrap once 
around the fibre, whereas the orbits detected by Theorem l2.1Ul are distinguished 
only by their symplectic area. 

Proof of Proposition 12.91 Let x(t) be a periodic orbit of © with period T 
and energy E. Let j(t) denote the projection of x(t) to T 2 . 

The symplectic area A(x) can be divided into two terms 

A(x) = / x*£l a 
Jd 2 

= / X*d\ + / X*("7T*£r) 

Jd 2 Jd 2 

= [ x*d\+ [ 7* a 
Jd 2 Jd 2 

= Ai(x)+Ai(rf). 

A simple computation yields 

Ai{x) = 2ET. 

Now let k = J 9(t)dt be the total rotation number of 7. It is clear from 
©, that 

FT <-2irk< FT. (3) 
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Hence, 

Ai(x) > -k(AEir/F). (4) 

To bound ^2(7) from below, we note that © implies that the projection j(t) 
has constant speed y/2E and negative curvature equal to —F(j(t))/y/2E. 

Proposition 2.12 Let £: [0,T] —> M? be a closed planar curve with constant 
speed v, rotation number k, and positive curvature K(t)/v such that < K < 
K{t). The Euclidean area enclosed by £, A(£), satishes 

< A{£) < kA{v/K_f. 

The proof of this result is elementary and is included in Appendix A. 

Applying Proposition 12.121 to the curve £(t) = 7(T — t) we get the following 
bounds for the Euclidean area enclosed by 7, 

> A(j) > k(8E/F 2 ). 

For ^2(7), the area of 7 with respect to a, we then get 

^2(7) > kF(8E/F 2 ). (5) 

Taken together, inequalities (jHJ), @ and ® imply that 

AEtt 8EF\ 



A(x) > 



F V2 F 

m 4:E flX T . 2 

> T ( Vp 

= TC(E). 

Clearly, C(E) is positive for 1 < Vp < ^J^ and Proposition 12.91 follows. 



2.4 Hofer's Geometry and c]^ 

Theorem II .'6\ can also be used to obtain new lower bounds for other symplectic 
invariants of symplectic tubular neighborhoods. These invariants are defined in 
terms of Hofer's geometry on the group of Hamiltonian diffeomorphisms. 

Recall that each smooth, time-dependent, compactly supported Hamiltonian 
H G ([0,1] x W) determines a Hamiltonian flow, ^ 0,1 \ on (W,tt). The 
group of Hamiltonian diffeomorphisms of (W, fi) , Ham(H / , f2) , consists of all the 
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time-1 maps obtained in this manner. Conversely, for every path ^j* 6 ! 0,1 ! in 
Ham(T¥,0) there is a Hamiltonian H £ C£°([0, 1] x W) which generates it, ie 
0* = (p^ocp . When (W 21 , Q) is closed, this generating Hamiltonian is uniquely 
determined by the normalization condition 

/ H(t,x)n l = 0, for all t G [0,1]. 
Jw 

Otherwise, the generating Hamiltonian is already uniquely determined by the 
fact that it has compact support. 

In |S2l, Hofer defines the length of a Hamiltonian path in terms of its 
generating Hamiltonian H , by the formula 

Lengthf^ 4 ) = / max H it, x) dt — / min Hit, x) dt 
Jo xgw J xew 

= Length + 0*) + Length - (</>*). 

The Hofer metric on Ham(W r , CI) is then defined by 

p(<p,ip) = inf Length(</>*), 

where the infimum is taken over all smooth paths joining to ip. A path 
0te[o,i] j g ga ^ \ en gi\i minimizing if Length^ 4 ) = p(id, (j) 1 ) . 

The quantity Length + (0') is called the positive Hofer length of 0*, and one 
defines the positive Hofer metric p + in the obvious way. 

One of the central problems in the study of Hofer's geometry is to character- 
ize the Hamiltonian paths which minimize the (positive) Hofer length. This 
question is profoundly related to the dynamical features of the correspond- 
ing flow |56l I57j . It is of particular interest for paths which are generated by 
time-independent Hamiltonians (referred to here as autonomous Hamiltonian 
paths), because these describe important dynamical systems from classical me- 
chanics. The first result in this direction was proved by Hofer in jHH]- There 
he shows that an autonomous Hamiltonian path in Ham(M a , f^;) is length 
minimizing as long as its flow has no nonconstant periodic orbits with period 
less than or equal to one. This result has been extended in several directions 
|U H31 SH ESI EH EH E21 ESI and Polterovich has conjectured that it is true for 
general symplectic manifolds |57j . 

In |HH], Sikorav shows that the length minimizing property of an autonomous 
Hamiltonian path is also constrained by the set on which it is supported. This 
motivates the definition of the following notion, which we call the Hofer width 
of an open subset U of (W,Cl): 

w H (U) := sup{max(F) - mm(H) | H E C™(U), Length(^) = p(id,<^)} . 
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This invariant measures the size of U in W in terms of the length of the 
longest autonomous Hamiltonian path which is supported in U and is length 
minimizing in Ham(W, f2) . 

The positive Hofer width w~jj(U), is defined analogously as follows 



wjj(U) := sup{max(ff) | H e C™(U), H > 0, Length + ($?) = p + (id, (fa)} . 



When W is noncompact, the positive Hofer width Wjj(JJ) can be interpreted in 
the same way as wjj(U) . When W is closed this interpretation must be altered 
slightly, because the quantity max(H) is no longer equal to the positive length 
of (fift. In particular, each H £ C%°(W) is not properly normalized when W is 
closed, and 



Regardless of this, it is evident from © that max(iJ) is a reasonable substitute 
for the positive Hofer length since 

max(if) > Length + (</>#) > max(H) (1 — volume (C/)/ volume (W)) . 

For a closed symplectic manifold (W, Q) , the work of McDuff 52, implies that 
the (positive) Hofer width of any open subset U C W is nonzero. For tubular 
neighborhoods of certain submanifolds much more can be said. For example, 
suppose that in addition to being closed, (W, O) is symplectically aspherical. 
Let L C W be a Lagrangian submanifold such that the map vri(L) — > ni(W) 
(induced by inclusion) is injective, and L admits a metric g with no contractible 
geodesies, eg L is a torus or admits a hyperbolic metric. In this case, it follows 
from the work of Schwarz [201 that the (positive) Hofer width of any neighbor- 
hood of L is infinite. In particular, it is easy to construct a positive autonomous 
Hamiltonian H supported in any neighborhood of L , such that max(H) is ar- 
bitrarily large and the flow of H has no nonconstant contractible periodic orbits 
of any period. Schwarz proves in jSU] that the latter property implies that <jf H 
minimizes the (positive) Hofer length. 

In [IS], this sufficient condition for a Hamiltonian path to be length minimizing 
is refined. The following result can be easily derived from |481 Theorem 1.8]. 

Proposition 2.13 (Kerman-Lalonde [1^1) Let H belong to 7itest(U) and 
suppose that the how of H has no nonconstant contractible periodic orbits 
with period equal to one and action greater than max(H) . Then the path 
{<^ij }te[o,i] minimizes the positive Hofer length. 
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In other words, every admissible test Hamiltonian used to define c^{U) gen- 
erates a Hamiltonian path which minimizes the positive Hofer length. From 
this, we immediately get the following inequality 

Proposition 2.14 Suppose that (W, Q) is closed and symplectically aspheri- 
cal. For every open set U in W we have 

w + H {U) > c)g(U). 
Theorem II .31 now implies the following result. 

Theorem 2.15 For any symplectic tubular neighborhood Ur as in Theorem 
\l.o\ we have 

Remark 2.16 Instead of the Hofer width of U , one may consider the ex- 
trinsic diameter of Ham([7, , ie the diameter of Ham(?7, Q) as a subset of 
Ham(W, f2) . This is clearly bounded from below by the positive Hofer width. 
However, Ostrover jSS] has recently proven that if W is closed and TT2(W) = 0, 
then the extrinsic diameter of Ham(?7, £1) is infinite for any open set U C W 2 
The intrinsic diameter of Ham(C/, is unlikely to be interesting, as Polterovich 
has conjectured that the diameter of Ham(W, £1) for any symplectic manifold 
is infinite 

Remark 2.17 Using Proposition 12. 141 we can generalize the discussion above 
concerning the Hofer width of neighborhoods of Lagrangian submanifolds. Let 
L be a Lagrangian submanifold of (W, £1) which we again assume is closed 
and symplectically aspherical. Let g be any metric on L. By Weinstein's 
Neighborhood theorem there is a neighborhood Vr of L in W which is sym- 
plectomorphic to a neighborhood of the zero-section in (T*L, dX) of the form 
{(liP) £ T*L | \\p\\g = R 2 }. Set T(g,L,W) equal to the minimal period of 
all closed geodesies of g which represent a homotopy class in the kernel of the 
map vri(L) — > 7Ti(W). A simple argument shows that c^°(Vr) > T(g, L, W) R. 
Hence, by Proposition EH w^(V R ) > T(g,L,W)R. 

3 Symplectic tubular neighborhoods 

In this section we define the symplectic tubular neighborhoods Ur of M in 
(W, Q) . We also show that there are Hamiltonian flows on each Ur which 

2 The author thanks the referee for informing him of this point. 
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are totally periodic. These flows are then used to obtain lower bounds for 
the capacity of Ur . This allows us to reduce the proof of Theorem 11.31 to a 
statement concerning the dynamics of test Hamiltonians on symplectic tubular 
neighborhoods. 

3.1 The definition 

Let 7r: E — * M be the symplectic normal bundle to M, ie the symplectic 
orthogonal complement to TM in TW\m ■ Henceforth, we will identify M 
with the zero-section of E and write points in E as pairs (p, z) , where p £ M 
and z is in the fibre of E over p. The bundle E is a symplectic vector bundle 
with a fibrewise symplectic form ge given by the restriction of f2 to the fibres. 
Let Je be a fibrewise almost complex structure on E which is compatible with 
oe- This yields a fibrewise inner product <7_e(-,-) = o~e(-,Je-) and we denote 
the function (p, z) i— > gE{p)(z,z) by the (over-simplified) notation \\z\\ 2 . For 
these choices, we set 

U R = {(p,z)eE \ \\z\\ 2 <R 2 }. 

On E\M there is a canonical fibrewise one- form which is defined by the 
formula 

«e(p,2)(-) = \\ z \\~ 2(7 e(p)(z,-) 

and satisfies 

d F (\\\z\\ 2 a E ) = cr E , 

where d F denotes the fibrewise exterior differential. Fixing a Hermitian con- 
nection V on E we can extend to a genuine one- form on E\M which we 
denote by a. We now consider the closed two- form 

<i(^||,z|| 2 a) + uj 

which is defined on all of E and is nondegenerate, and hence symplectic, on a 
neighborhood of the zero section. Here we have identified u = £1\m with its 
pull-back to the total space E. 

By Weinstein's Symplectic Neighborhood Theorem, (Ur, d{k \\z\\ 2 q)+uj) is sym- 
plectomorphic to a neighborhood of M in (W, 0) when R > is sufficiently 
small. We will restrict our attention to values of R for which this symplec- 
tomorphism exists. 3 We refer to these neighborhoods as symplectic tubular 
neighborhoods of M. 

3 This is the first condition restricting the size of R. 
Geometry & Topology, Volume 9 (2005) 



Squeezing in Floer theory and refined HZ-capacities 



1797 



3.2 Dynamics on Ur 

Lemma 3.1 On each Ur, the Hamiltonian flow of the function \\z\\ 2 with 
respect to the symplectic form = d(^||z|| 2 a) + u> is periodic with period tt. 

Proof Let Vn op f(p,z) = Je(p)z be the vector field on E which generates the 
standard fibrewise Hopf circle action with period 2ir . Then 

*V H opf( d (!lkH 2Q! ) +w) = iv Hop{ (d(±\\zfa)) 

= £ Vko P f(llkl| 2 a) - d (^VHo P f(^INI| 2 a)) 
= -d(l\\4 2 ), 

which proves the result. □ 
Corollary 3.2 The capacity chz(Ur) is no less than ttR 2 . 

Proof Let h e : [0, R 2 ] — » [0, oo) be a smooth function satisfying 

• h e (s) = ttR 2 — e for s near 0, 

• h e (s) = for s near R 2 , 

• \h' e \ < tt for all s G [0,R 2 ]. 

Consider the test Hamiltonian H e (p,z) = h € (\\z\\ 2 ) on Ur. The Hamiltonian 
vector field of H e is Xu t = 2h' e {\\z\\ 2 ) ■ Vnopf • Since \h' e \ < tt, it follows that H e 
is admissible for all e > 0. □ 

The previous corollary also implies that^c^ 271 ^ (Ur) > ttR 2 , and so to prove 
Theorem 11.31 we must show that c^ nR (Ur) < irR 2 . This upper bound for 
the refined capacity is implied by the following result concerning the dynamics 
of test Hamiltonians on Ur. 

Theorem 3.3 Suppose that (W, O) is geometrically bounded and symplecti- 
cally aspherical. Let M 2m be a closed symplectic submanifold ofW whose unit 
normal bundle is homologically trivial in degree 2m . For all sufficiently small 
R > 0, if H € H.test(UR) satisfies max(i?) > nR 2 , then H has a nonconstant 
1-periodic orbit with action in the interval (max(H), max(ff) + 2-kR 2 ). 

The rest of this paper is devoted to the proof of Theorem 13.31 
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4 Tools from Floer theory 

To prove Theorem 13.31 we will use machinery from Floer theory which takes 
advantage of the filtration by the action functional. In this section we recall the 
definitions and properties of the necessary tools when (W, f2) is geometrically 
bounded and symplectically aspherical. For such manifolds this material is 
essentially standard by now and we recall the required results without proof. 
The reader is referred to the sources [TU1 113 OH H3 CHI El EE ED for more 
details. 

In fact, we make use of the Morse complex, the Floer complex for Hamiltonian 
diffeomorphisms, and the Floer complex for pairs of Lagrangians. We begin by 
describing why all three of these objects are used in the proof. 

Recall that a Morse complex can be associated to a generic choice of a Morse 
function h and a metric g on a closed manifold. The Morse chain complex 
(C(h),d g ) consists of the vector space C{h) generated by the critical points of 
h and the boundary map d g which counts trajectories of the negative gradient 
flow of h with respect to g. The homology of this complex is independent of the 
choice of the data h and g and is isomorphic to the homology of the manifold 
on which they are defined. 

Let TL = C^°(S 1 x W) be the space of smooth, time-periodic, compactly sup- 
ported functions on a symplectic manifold (W, Q) . Every G determines an 
action functional on the space of smooth contractible loops in W . As well, each 
S 1 -family of Q -compatible almost complex structures, Jt , determines a metric 
on this loop space. The Hamiltonian Floer complex for a generic pair (G,Jt) 
is then defined, at least heuristically, as the Morse complex for this functional 
and metric on the loop space. 

Alternatively, the same data, G and Jt, determines a [0, 1/2] family of 

almost complex structures on the product manifold 

(w, n) -.= (w x w, oe(-n)). 

This family can then be used to define a Lagrangian Floer complex for the pair 
of Lagrangian submanifolds of W consisting of the diagonal A and the graph 
of 

These two Floer complexes associated to G and Jt are identical (see Sec- 
tion ESJ- However, in the Lagrangian setting one has the added freedom to 
compute the homology by replacing the graph of cj) l G and J t by a Lagrangian 
submanifold and family of almost complex structures which aren't necessarily 
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determined by objects on W . This freedom will allow us to make some cru- 
cial identifications of certain restricted Lagrangian Floer complexes with Morse 
complexes. This is achieved using the Morse-Bott version of Lagrangian Floer 
theory developed by Pozniak in jHH], (see Theorem 14. 1(1 . It is not clear whether 
these identifications can be obtained using Hamiltonian Floer theory alone (cf 

eidh). 

In the first part of this section we recall the necessary material from Lagrangian 
Floer theory, including Pozniak's theory of clean intersections from |2H] • We also 
discuss the definitions and properties of monotone Floer continuation maps. In 
the second part of the section we recall the basic construction of the Hamiltonian 
Floer complex and we describe the natural translation from Hamiltonian Floer 
theory to Lagrangian Floer theory. Finally, we describe some useful algebraic 
relations satisfied by monotone Floer continuation maps in the Hamiltonian 
setting. 

Concerning notation In what follows, objects defined on (for) the manifold 
W will be decorated with a tilde. If, in addition, they are defined using an 
object coming from W , then they will also be given a superscript W . Generic 
approximations of any object will be denoted by a prime. 

4.1 Lagrangian Floer homology 

We describe here the simplest version of Lagrangian Floer theory which is de- 
fined for a fixed Lagrangian submanifold and its images under Hamiltonian 
diffeomorphisms. We will restrict our attention to the Lagrangian submanifold 
given by the diagonal A in the product manifold (W, Q) = (W x W, O© (—ft)) . 

It is clear from the definitions that if (W, f2) is symplectically aspherical and 
geometrically bounded with respect to the almost complex structure J g b , then 
(W, fl) is also symplectically aspherical and is geometrically bounded with 
respect to the almost complex structure J g b = J g b © — Jgb- Let 

n = c^°(s 1 x w,r) 

be the space of smooth time-periodic Hamiltonians on W which have compact 
support. Given a G G 7i, wejlefine i7[o, 1/2] = J~[o, 1/2] (G) to be the set of 
all smooth [0, 1/2] -families of f2-tame almost complex structures Jt on W 
which are Q, -compatible near the support of G and are equal to J g b outside 
some compact set. For a generic pair (G, Jt) € H x ^0,1/2] > the corresponding 
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Lagrangian Floer chain complex for actions in the positive interval (a, b) is 
denoted by 

(CF a > b (A,G),d Jt ), 

and is constructed as follows. 

Let C = C(G) denote the space of smooth paths 

{xe C°°([0, 1/2], WO | x(0) G A, x(l/2) G (^(A)}. 
Consider the action functional Aq : C — > M defined by 

= - / tr-n, 

J[0,l/2]2 

where v is a map from [0, 1/2] x [0, 1/2] to W such that u(s, ■) G £ for all 
s G [0, 1/2], u(l/2,i)_= and u(0,i) = 70 (i) for some fixed 70 G £ The 

critical point set of Aq, Crit(^4^), consists of the constant paths in C and 
hence coincides with the intersection points of the diagonal A and its image 
(<^)~) _1 (A). A critical point x is nondegenerate if the corresponding point 
of intersection is transverse. In this C £LS c , X has a well-defined Maslov index, 
AtMaslov(£, G). 

For constants < a < b, let W a ' fe C H be the^open set^of all functions G in H 
such that a and b are not critical values of A Q . For G G W a ' 6 , let Crit a,b (.Ag) 
be the set of critical points of Aq with action in the interval (a, b) . Generically, 
the elements of Ciit a,b (A G ) are nondegenerate and hence finite in number. In 
this case, the Lagrangian Floer chain group of G for actions restricted to (a, b) 
is defined to be the graded Z2 -vector space 

CF a ' 6 (A, G) = Z 2 x. 

xeCrit a ' b (A d ) 

The Floer boundary operator dj t is Refined using the Floer moduli spaces 
M(x, y, G, Jt) for pairs xj/ G Ciit a ' b (A G ) . Each Ai(x, y, G, Jt) consists of the 
maps u: R x [0, 1/2] — ► W which are solutions of the equation 

d s u + J t {u)d t u = 0, (7) 

satisfy the boundary conditions 

5(s,0)GA and u(s, 1/2) G (^) _1 (A), (8) 

and have limits 

lim u(s,t) = x(t) and lim u(s, t) = y(t), (9) 
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which are uniform in t. For generic data G and Jt, every moduli space 
M.(x, y, G, Jt) is a smooth manifold of dimension HMasiov(x, G) — //Masiov(y, G) . 
(If G is fixed, then any family Jt which forms a generic data pair with G will 
be said to be regular for G.) We also note that each M.(x, y, G, Jt) is equipped 
with a free R -action given by r • u(s, t) = u(s + T,t). 

Let Crit^' 6 (^lg) denote the subset of Crit a,fc (.Ag) which consists of critical 
points with Maslov index equal to k. The boundary operator 

d Jt : CF a ' b (A, G) -> CF a ' fe (A, G) 

is then defined on each x G Cmt a,b (A.q) by the formula 

d J t @) = #(M(x,y,G,J t )/R)y, 

y e Crit^t.Ag), 

MMaslov(3/: G) = MMaslovCy; G) — \ 

where #(M(x,y,G,Jt)/M) is the number of elements in the O-dimensional 
manifold A4(x, y, G, Jt)/R, modulo 2. Since we are assuming that (W, CI) is 
symplectically aspherical, no bubbling can occur and there are no obstructions. 
So, the usual arguments imply that 

d 7 odj = 0. 

Jt Jt 

The corresponding homology groups HF a,fe (A, G) are independent of the choice 
of the regular family Jt. They are also locally constant on 7i a,b . This allows 
one to define HF a ' b (A,G) for any G G H a ' b , regardless of whether or not 
the elements of Crit a,6 („4.g) are nondegenerate. One just sets HF a,6 (A,G) = 
HF a,b (A, G') for some G' G fi a ' b which is close to G and has the required 
nondegeneracy property. 

4.2 Clean intersections 

The extension of the definition of the restricted Floer homology HF a ' fc (A,G) 
to every G G 7i a,b is particularly useful in the case when A and ((/>~) -1 (A) 
intersect nicely along submanifolds. This situation was first studied by Pozniak 
in [HE] (for more general versions of Lagrangian Floer homology). In this section, 
we briefly describe Pozniak's results and some refinements from 0, as they 
apply to our present setting. 

A submanifold N C An (^t) _1 (A) is said to be a clean intersection for G G Ji 
if it is a connected component of An ((/)~) _1 (A) and 

T P (N) = T P (A) n r p ((0~) -1 (A)) for all p G N. 
For clean intersections, Pozniak proved the following result. 
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Theorem 4.1 |5H1 Theorem3.4.11], Theorem 5.2.2] Suppose that the set 
N is a clean intersection for G G H a ' b and that N = Crit a,fe (^) . Let h: N -> 
R be a Morse function and let g be a metric on N such that the corresponding 
Morse complex (C(h), d g ) is well-defined. Then there is a Hamiltonian Hh G 7i, 
a family J g>t G <7[o, 1/2] > 812 d a constant 5o > such that for every 5 < Jo we 
have the following strong equivalence of complexes 

(CF a ' b (A,G + 6H h ),djJ = (C(h),d g ). (10) 

The equivalence relation "=" denotes the fact that the elements of the set 
Crit"' 6 actually coincide with the critical points of h and the elements 
of the one-dimensional moduli spaces Mix, y, G + 5Hh, J 9;t ) are t-independent 
and coincide with the negative gradient trajectories of h with respect to g. 

It follows from (JTUJ) that 

RF^A,G) = H^ u ^ {m (N ] Z 2 ). (11) 

We will refer to the grading shift iJ,Masiov(N,G) as the relative Maslov index of 
N. It depends on the linearized flow of G along N . 



4.2.1 Outline of the proof of Theorem 14.11 

To establish the strong equivalence of complexes in equation ()1U|) . Pozniak 
introduces the notion of a local Floer complex of N and proves that there is a 
local complex which is strongly equivalent to both sides. 

To describe this argument, we first require the notion of a J% -isolating neigh- 
borhood of N in W . This is a precompact neighborhood U of N such that 
any solution u: R x [0, 1/2] — ► W of (J2J) and (jHJ whose image lies in the closure 
of U, must satisfy u(s,t) = x £ N for all (s,t) G R x [0,1/2]. Every clean 
intersection admits a Jt -isolating neighborhood for any choice of the family Jt 
(see [HI Lemma 5.2.3]). 

Let U be a Jt-isolating neighborhood for N and choose a G' G Ti such that G' 
is C 2 -close to G and the elements of Crit(^4g,) are nondegenerate. The local 
Floer chain complex of G' is defined to be the Z2 -vector space 

CF loc (G',L0 = 1 2 x'. 

For a family J[ which is regular for G' and is C 1 -close to Jt, the boundary 
operator d l ~ c for the complex is defined in the usual way except that it only 
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counts solutions u of (JJJ) whose images lies in U . The corresponding homology 
is called the local Floer homology of N, 

HF loc (iV) := H*(CF loc (G',^),^ c ), 

■'t 

and Pozniak proves that it is independent of the choices of U , G' and J[. 

To calculate HF loc (iV) , Pozniak starts with a Morse function h: N — > R and a 
generic metric g on N and he constructs explicit approximations of G and Jj 
whose local Floer complex is strongly equivalent to the Morse complex deter- 
mined by h and g. More precisely, Pozniak proves that there is a Hamiltonian 
Hh E 7i , a family of almost complex structures J g j , and a <5o > such that for 
5 < 5q one has 

(CF loc (G + 5H h ,U),df ) ee (C(fe),a fl ) 
for any choice of U (see [HE1 Proposition 3.4.6]). 

To complete the proof of Theorem 14.11 it only remains to show that if N = 
Cmt a > b (A d ) then 

(CF loc (G + 5H h , U),df ) = (CF a ' fe (A, G + 5H h ),dj ) 

for sufficiently small 8 > 0. This follows immediately from [HJ Lemma 5.2.4]. 



4.3 Monotone Floer continuation maps 

As mentioned above, the restricted Floer homology HF a ' fe (A,G) is only locally 
constant on 7i a,b . However, if the functions G,H G 7{ a,b satisfy G > H, ie 
G(t, x) > H(t, x) for all (t, x) £ S 1 x W, then there is a natural homomorphism 

a nd : HF a ' fe (A, G) -» HF a ' fe (A, H) 

called a monotone Floer continuation map. Since our later arguments rely 
heavily on these maps, we recall their definition. 

For G,H E 7i a,b with G > H , a monotone homotopy from G to if is a family 
of functions G s E TL such that < and 



G, 



G for s E (-oo, -1] 
H for s E [1, oo). 



Given a monotone homotopy G s , let J Sj j be a family of almost complex struc- 
tures in i7[o, 1/2] which is independent of s for all |s| > 1 such that J-i t t is reg- 
ular for G and Ji^ is regular for H . For each x E Crit(^4g) and y E Crit(^l^) , 
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let A4 s (x, y, G s , J Sj t) be the moduli space of maps u: E x [0, 1/2] — ► W which 
are solutions of the equation 

d s u + J St t(u)dtu = 0, 
satisfy the boundary conditions 

u(s,0) £ A and «(a,l/2) € ) _1 ( A )> 

and have uniform limits as in ©. For a regular family J s j, each moduli 
space A4 s (x,y,G s , J s> t) is a smooth manifold of dimension /UMaslov (S 5 GQ — 
//Maslov(y> -H") • The map crj^g is then defined on each x S Crit a ' b (^4g) by 

g hg&) = #M s {x,y,G s ,J St t)y, 

yeCnt a ' b {A s ), 

MMaslov — /^Maslov 

where #M s (x,y,G s J St t) is the number of elements in the zero-dimensional 
moduli space Ai s (x, y, G s , J Sjt ) , modulo 2. 

To prove that cr^^ is a chain map between the restricted Floer complexes above, 

one must consider the energy of the elements u 6 M s (x,y,G s , J s j) which is 
defined by the formula 

rl/2 /-+00 _ _ 

E(u) = / / £l(d s u, J S) t{u)d s u) ds dt. 
Jo J-oo 

The following useful inequality is a straight forward consequence of Stokes' 
theorem and the monotonicity assumption on the homotopy G s . 

Lemma 4.2 For each u £ M s (x, y, G s , J Sj t) we have: 

E(u)<A d (x)-A k {y). (12) 

Since E(u) > 0, inequality (|12j) implies that the action must decrease under 
cTjjq- This fact allows one to verify that ct^q is a chain map between the 
restricted Floer complexes. The homomorphism induced at the level of homol- 
ogy is also denoted by cr^g . It is independent of the choices of the monotone 
homotopy G s as well as the family of almost complex structures J s j ■ 

Remark 4.3 In the description of the map cr^^ we have tacitly assumed 
the nondegeneracy of the elements of Crit a ' 6 (^4g) and Crit a > b (Ag). If some 
of these intersection points are degenerate, one simply approximates H and 
G by functions H' and G' which have the nondegeneracy property and then 
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defines the map between their Lagrangian Floer complexes, as above. By the 
discussion at the end of Section 14.11 the map induced at the homology level is 
independent of the approximations H' and G' . 

The following important property of monotone Floer continuation maps is 
proved using (|12|) and the usual compactness and gluing theorems from Floer 
theory. 

Lemma 4.4 Monotone Floer continuation maps satisfy the identities 

°HG ° °GF = °hf for F > G > H, 
a dd = id for every G G TC a ' b . 



4.4 Hamiltonian Floer homology 

Let Ti = C^ 2 (S 1 x W) be the space of smooth time-periodic Hamiltonians 
on W which have compact support. For G G Ti, let J s \ = J s i(G) be the 
set of 5" 1 -families of O-tame almost complex structures on W which are Q- 
compatible near the support of G and are equal to J g b outside some compact 
set. In complete analogy with Section [4.11 one can associate to a generic pair 
(G,Jt) G TC x J s \ and constants < a < b, a restricted Hamiltonian Floer 
chain complex, 

(CF a > b (G),d Jt ). 

We very briefly describe this complex here and discuss how it can be identified 
with a Lagrangian Floer chain complex. 

Each Hamiltonian G G TC determines an action functional Ag '■ £ -> 1 on £, 
the set of smooth contractible loops in W . This is given by the formula 

A G {x)= f G(x(t),t)dt- [ v*fl 
Jo Jd 2 

where v G C°°{D 2 ,W) satisfies v\q D 2 = x. The set of critical points Critic) 
is precisely the set of contractible 1 -periodic orbits of G, and each nondegen- 
erate critical point x G Critic) has a well-defined Conley-Zehnder index, 
(icz(x,G). To accommodate our choice of action functional, we normalize the 
Conley-Zehnder index here so that a local maximum of a C 2 -small autonomous 
Hamiltonian on W 21 has Conley-Zehnder index equal to its Morse index minus 
I. 

Let TC a ' b C Ti be the set of all G G TL for which a and b are not critical values 
of Ag- Let Crit a ' fe (^4c) denote the set of critical points of Ag with action 
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in the interval (a, b) . For a generic G G W a ' fe the elements of Crit a ' b („4 G ) are 
nondegenerate and the restricted Floer chain group for G is defined to be the 
finite dimensional, graded Z2 -vector space 

CF a ' 6 (G) = Z 2 x. 

xeCrit a ' b (A G ) 

For a family Jt G J7gi and a pair of critical points x, y G Crit a ' fe („4G) > the Floer 
moduli space A4(x,y,G, Jt) consist of the maps u: R x S 1 — > M that satisfy 
the equation 

d s u = J t {u){X G {u) - d t u), 
and have the following limits which are uniform in t, 

lim u(s,t) = x(t) and lim u(s,t) = y(t). 

s— ►— 00 s— >oo 

If Jt is regular, then these moduli spaces are smooth manifolds of dimen- 
sion ficz{x, G) — /J,cz(y, G) and the Floer boundary operator dj t : CF a,b (G) — > 
CF a,b (G) is defined on the generators x G Crit a,fe („4 G ) by 

0j t (z) = ^ #(M(x,y,G,J t )/R)y. 

y 6 Crit^^o), 
Mcz (2/, G) = ^cz (x, G) - 1 

Here, #(Ai(x, y, G, Jt)/R) is the number, modulo 2, of elements in the zero- 
dimensional space M(x,y,G, Jt)/M. where R acts freely by translation in the 
s -variable. 

4.5 Translating from Hamiltonian to Lagrangian Floer theory 

Given a Hamiltonian G on W we define a corresponding Hamiltonian G w on 
W by the formula 

G w (t,x , Xl ) = G(t,x ). 

One can easily check that (0~ W ) -1 (A) is equal to the graph of <p G in W . Note 
also that 

G > H G w > H w . 

Now consider the map £ —> £ = C(G W ) defined by 

X ( t ) 1 ^ S?(t) := ((^ G )- 1 (x(t)), ^ o (^"'J-^xCl - t))) , 

where the domain of the image is restricted to [0, 1 /2] . The composition of 
with Aq is equal to Ac ie *4g(x) = A^^. In addition, identifies the 
sets Critic) an d Cvit(A GW ) , and preserves indices. More precisely, x is in 
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Critic) if and only if x is in Crit(.Ag VK ), and if x is nondegenerate then x is 
also nondegenerate with /^Masiov(^> G w ) = fj,cz(x,G). 

For a family Jt S J'gi(G), consider the family of 0-compatible almost complex 
structures J^< 1 / 2 ] defined by 

jf = [(fayjt) e (-(^-* o (^)- 1 )*j 1 _ t ) . 

The map 

u(s, t) i > S(s, t) := ((^)~ 1 (n( S , *)), ^ o (^)- 1 (n( S , 1 - t))) , 

induced by 'J'g, is then a bijection between the moduli spaces Ai(x,y,G, Jt) 
and M.(x,y,G w , Jt V ), for every pair x,y € Critic). Thus, for a generic 
pair (G, Jt) , the map yields an identification between the Hamiltonian 
Floer complex (CF a ' b (G), dj t ) and the corresponding Lagrangian Floer complex 
(CF°' (A, G w ), djw)- This identification preserves both the action values and 
indices and yields the following isomorphism in homology 

HF^(G) = HF^(A, G w ). (13) 

4.6 Morse— Bott submanifolds of periodic orbits 

As in the Lagrangian setting, the homology groups HF a ' b (G) corresponding 
to the complex (CF a,b (G, Jt), dj t ) are independent of the choice of the regular 
family Jt and are locally constant on 7i a,b . Again, this allows us to define 
HF a,fe (G) for any G E 7i a,b , by approximating G by a Hamiltonian whose 
relevant 1 -periodic orbits are nondegenerate. 

A subset N C Critic) is said to be a Morse-Bott manifold of periodic orbits 
if the set Co = {x(0) \ x £ N} is a closed submanifold of W and T xq Cq = 
ker (x ) — Id) for every xq £ Cq. 

It follows from [5| that a Morse-Bott manifold N C C of periodic orbits is 
mapped by to a clean intersection N of G w . The critical submanifold 
also has a relative Conley-Zehnder index ^cz(A r , G) which, by (fT3)) and pip, 
is equal to /u Mas lov(A r , G w ) . 

4.7 Monotone Floer continuation maps for Hamiltonian Floer 
homology 

For G, H e H a ' b with G > H one can define a monotone chain map 

a HG : CF a > b (G) -► CF a > b (H), 
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in the same manner as described in Section f4. 31 The translation map *$>g from 
Section |4~51 can again be used to identify the maps ohg an d Ojjwqw at the 
chain level. In particular, we have 

<J H W G W °^G = ^G° <?HG- (14) 
Therefore, the maps ghg satisfy the following version of Lemma 14.41 

Lemma 4.5 Monotone Floer continuation maps in Hamiltonian Floer theory 
satisfy the identities 

cthg ° &GF = ohf for F > G > H, 
ggg = id for every G G TC a,b . 

The following additional results concerning monotone Floer continuation maps 
for Hamiltonian Floer homology are well known; see, for example, |1U1 118j and 
[HI Sections 4.4-4.5]. 

Lemma 4.6 For constants < a < b < c and a function G € Ti a,b D TL b,c the 
short exact sequence of complexes 

-» CF a ' b (G) CF a ' c (G) -» CF b - c (G) -» 0, 

yields the exact homology triangle A a ^ jC (G) given by 

BF a ' b (G) HF a ' c (G) 

HF b ' c (G) 

Lemma 4.7 For any 0<a<b<cwe have the following commuting diagram 

HF a ' c (G)^^HF a ' c (#) 



BF a ' b (G) — — *- HF a ' 6 (iJ) 

where the vertical arrows are determined by the homology triangles A a ^^ c (G) 
and A a b c (H). 



Lemma 4.8 If G s is a monotone homotopy from G to H which satishes 
G s 6 TL a ' b for all s 6 [—1,1], then <jhg Is an isomorphism. 
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This last result states that the only way in which the map o~hg can f an to be 
an isomorphism is if there is some s £ (— 1, 1) such that G s has a 1-periodic 
orbit with action equal to a or b . Even if periodic orbits with action equal to a 
or b appear during a monotone homotopy, it may still be possible to show that 
(7hg is nontrivial by considering the indices of these orbits. We now describe 
a useful refinement of Lemma 14.81 which lies at the heart of the calculations in 

Definition 4.9 A monotone homotopy G s from G to H is said to be transver- 
sal to (a, b) if the following conditions hold. 

(1) G s has 1-periodic orbits with action equal to a or b for only a finite set 
of values {sj} C (—1, 1). 

(2) At each Sj , these orbits form a Morse-Bott nondegenerate submanifold 
of 1-periodic orbits, Nj. 

(3) There is an interval Ij = (sj — €j,Sj + €j) such that Nj belongs to a 
smooth family of Morse-Bott nondegenerate submanifolds Nj(s) of G s 
for s G Ij . 

(4) The function A.G a (Nj(s)) is continuous and strictly monotone on Ij. 

The space of such homotopies (with dim(iVj) = 0) is dense in the space of all 
smooth monotone homotopies from G to H . 

Proposition 4.10 Let G s be a monotone homotopy from G to H which 
is transversal to (a, b) . Suppose that the relative Conley-Zehnder index of 
each Morse-Bott nondegenerate submanifold Nj is either strictly less than 
riQ— dim(iVj)— 1 or strictly greater than uq+1. Then the map 

°~hg '■ HF«> 6 (G) - BF^(H) 

is an isomorphism. 

Proof In view of Lemma 14.51 we can clearly assume that there is only one Sj . 
Consider then, a monotone homotopy G s from G to H which is transverse to 
(a, b) such that only G Sl has 1-periodic orbits with action equal to a or 6, and 
these orbits form a Morse-Bott nondegenerate submanifold N% . We assume 
that Ac a (N\) = b and the function Ag s (Ni(s)) is decreasing near s±. The 
other cases can be dealt with in a similar manner. 

The set of critical values of Ag s , S(G Sl ) C 1, is closed and nowhere dense 
It follows from the transversality assumption on G s that there is a 5 > 
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such that the only critical points of Ag s with action in the interval [b — 5, b] 
are those belonging to N\ . 

We also note that the subsets S(G S ) are lower semi-continuous in s in the 
following sense: For every open neighborhood V C R of S(G S >) there is an 
interval (s' — e, s' + e) such that Sg 3 C V for all s G (s' — e, s' + e) (see [HI 
Section 4.4]). 

It follows that we can choose an e > such that for each s G [si — e, s\ + e] 
the only critical points of Ag 3 with action in the interval [b — 5, b] are those 
belonging to iVi(s). By the transversality assumption, we may also choose e 
so that Ag 3 (Ni(s)) > b — 5 for all s G [s\ — e, s% + e]. 

We now factor the map ana as 

(?HG = (pH,G n - t ) ((TG ei - e G 3l+e ) ° (<7G Si+e g)- 

The first and last terms are isomorphisms by Lemma 14.81 It remains to prove 
that the middle map is an isomorphism. To do this we consider the commutative 
diagram from Lemma 14.71 

KF a > b (G Sl+e ) f7Gsi ~ £Gsi+£ ; HF a > fe (G Sl _ e ) (15) 

KF a > b - 5 (G Sl+e ) gGsi " eGsi+ ' KF a > b - 5 (G Sl ^ e ) 

The transversality assumption together with our choices of 5 and e imply that 
G s G f{ a ' b ~ s for all s G [si— e, si+e] . Hence, the bottom map is an isomorphism 
by Lemma 14.81 

The vertical maps belong to the exact sequences determined by Lemma l4.fil for 
a < b — 5 < b. The surrounding terms in these sequences are HF*~ 5 ' b (G Sl ± e ) 
and HF^~^(G Sl ± € ) . Applying Theorem 14.11 we have 

HF^ <5 ' 6 (G Sl±e ) = -ffn -Mcz(A r i,G sl )(^ r i) 

and HF^ + 'i(G Sl±e ) =-H„ 0+ l- M c Z (Ari,G n )(^ V l)- 

The assumption that the relative index of N\ is greater than no + 1 implies that 
these groups vanish and so the vertical arrows in (|15|) are also isomorphisms. □ 



Geometry & Topology, Volume 9 (2005) 



Squeezing in Floer theory and refined HZ-capacities 



1811 



5 The proof of Theorem 13.31 

For a test Hamiltonian H E Htest(^R) > Theorem 13 .31 asserts that if R > is suf- 
ficiently small and max(H) > ttR 2 , then H has a 1-periodic orbit with action 
in the interval (max(i?), max(H) + 2ttR 2 ). To prove this, we will squeeze H 
between two simple Hamiltonians and study the monotone Floer continuation 
map between their restricted (Lagrangian) Floer homology groups. 

Proposition 5.1 If R > is sufficiently small, then there are Hamiltonians 
G + , G_ £ H satisfying G + > H > G_ , and constants a, b satisfying 

max(H) < a < b < max(ff) + 2irR 2 , 

such that the map 

a dwd w : HF a > fe (A, Gj) -> HF a ' fe (A, GY) 

is nontrivial. 

By Lemma fP)l the homotopy homomorphism OqWqw factors as 

Hence, Proposition 15.11 implies that HF a,fe (A, H w ) is nontrivial and conse- 
quently CF a ' b (A, H w ) is nonempty. By the translation described in Section ^. 51 
this, in turn, implies that CF a ' b (H) is nonempty for some o > max(iif). The 
orbit(s) generating CF a ' b (H) must be nonconstant and so Theorem 13.31 would 
follow. 

To prove Proposition l5.ll we construct a third model Hamiltonian Gq £ Tl such 
that G+ > Go > G_ , and we consider the decomposition 

o~f,wr<w = 0~^,wrtw O '^w r<w ■ 

L' L' U r + 

We then prove that there are constants a and b, satisfying 
max(iJ) < a < b < max(H) + 2ttR 2 , 

and a fixed degree no , such that in this degree a^w^w is a nontrivial surjection 
and isomorphism (see Propositions 15 . 21 and 15 .3|) . 

5.1 The model Hamiltonians 

We now construct the model Hamiltonians G_|_ , Go , and G_ , and describe their 
Hamiltonian flows. 
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5.1.1 The function G + 

The function G + is constructed to approximate H , from above, near its max- 
imum set. Referring back to the notation of Section G+ is defined as a 
reparametrization of the function ||z|| 2 on Ur. In particular, we set 

G + (p,z)=a(\\z\\ 2 ) 

for a smooth nonincreasing function a. Since H is in 7~itest(UR), there is an 
R' < R such that H vanishes for ||z|| > R' . We choose a so that G+ is 
constant and equal to its maximum until \\z\\ > R' . We then force G+ to 
decrease rapidly to zero at ||z|| = R by choosing the slope of a to decrease 
rapidly, become constant and finally increase to zero at R 2 . The value of 
max(G+) is chosen to be arbitrarily close to, but greater than, max(^T). See 
Figure l| 




a r 

Figure 1: The functions G + and G_ 



Since G+ is a function of ||z|| 2 , its Hamiltonian flow is just a rescaling of the tt- 
periodic flow of ||z|| 2 . More precisely, the orbits of G+ on the level ||z|| 2 = c are 
all periodic with period ir/a'(c). When the slope of a is constant and negative 
we choose it not to be an integer multiple of it. Hence, the only nonconstant 
1 -periodic orbits of G+ are located on two finite sequences of level sets which 



are labeled in Figure 1 One of these sequences of level sets is located in the 
region where the slope decreases and the corresponding G + -values are denoted 
by 



c\ > c\ > 
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The other sequence of 1 -periodic level sets is located in the region where the 
slope increases. It corresponds to the G + -values 

d\ > d\ > ■ ■ ■ 

5.1.2 The function G 

To define Go, we first describe the set on which it is supported. Let pr x be a 
point on M C W . We may assume, without loss of generality, that the interior 
of the set {H = max(H)} intersects the zero section of Ur at (pfi x ,0). This 
follows from the general fact that given two points of a symplectic manifold and 
a path between them, there is a Hamiltonian diffeomorphism whose support is 
close to the path and whose time one flow takes one point to the other along the 
path. Let (B 2m (j»g x , p), r^m) be a Darboux ball in M with radius p and center 
at the point p& x . Here, denotes the standard symplectic form on M? m . 

The bundle ir : E — > M is trivial over B 2m (p^ x , p) and we may assume that the 
connection V is flat over B 2m (p^ x , p) . Hence, there is a trivialization of E over 
B 2m (pfi x , p) for which the symplectic structure f2 on tt^ 1 (B 2m (p^ x , p)) n Ur 
has the form 

ft = n 2m ®^2n- (16) 

Assume that R is less than p. 4 We then define Go by the formula 

G {p,z) = a (\\p\\l m + |N| 2 ) , 

where || ||2 m is the standard norm on B 2m {p^ x , p) , and a is the same function 
used to define G + . Clearly, G + > Go and the only place where the functions 
are equal and both nonzero is on the fibre of Ur over p^ x . Moreover, Go 
is suppor ted in the Darboux ball B{R) := £ 2(m+n) ((?>fix, 0), R) C Ur. See 
Figure 2 

With the local normal form (|16|) for 0, it is also clear that the Hamiltonian 
flow of the function ||p||2 m + IM| 2 with respect to Q is tt -periodic on B{R) . 
Hence, the flow of Go is again just a rescaling of a tt -periodic flow. As above, 
the nonconstant 1 -periodic orbits of Go are located on two finite sequences of 
level sets. The Go -values of these sequences are denoted by 

c o > c o > ' ' ' an d ^o > do > ■ ■ ■ 
4 This is the second condition restricting the size of R. 
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Ur 



B(R) 



B{r) 



Figure 2: The supports of G+, Go and G_ 



5.1.3 The function G_ 

The function G_ is constructed to approximate H , from below, near the point 
(Pfixj 0) which we chose to belong to the interior of the set {H = max(^T)} . Let 
B{r) be a Darboux ball with radius r < R and center (pa x , 0) , where r is small 
enough so that B(r) C {H = max(H)} . We define G_ by the formula 

G-(p,z) =a^(\\p\\ 2 2m + \\z\\ 2 ). 

The function a_ has the same general behavior as a. It is chosen so that G- 
is equal to its maximum in a small neighborhood of (pg x , 0) and then decreases 
to zero within B(r) . When the slope of a_ is constant and negative we choose 
it not to be an integer multiple of ir. We also choose a_ so that max(G_) 
is arbitrarily close to, but smaller than, max(H) . For these choices we have 
H > (see [Figure 1 1. 



Again, the nonconstant 1 -periodic orbits of G_ occur on the level sets corre- 



sponding to two finite sequences of G- -values, as pictured in Figure 1 We 
label the two sequences by 

c l _> c 2 _> ■■■ and d\_ > d 2 _ > ■ ■ ■ 



5.1.4 Morse Bott nondegeneracy 

The functions a and a_ used to define G+ , Go , and G_ are chosen so that their 
second derivatives are not zero when their slope is nonconstant. This implies 
that all the nonconstant 1 -periodic level sets are Morse-Bott nondegenerate as 
defined in Section fPH ( see [HI Lemma 5.3.2]). 
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5.1.5 Actions and indices 

Tabled summarizes the necessary information concerning the periodic orbits of 
our model Hamiltonians. For convenience, we will identify a level set {G = c} 
comprised of 1 -periodic orbits with its corresponding value c. The 1 -periodic 
orbits on such a level, all have the same action. This common action value is 
given in the third column of Table ^ up to a term which is denoted by ellipses 
"• • • " and can be made arbitrarily small. 



Level set, clean int. 


Relative index 


Action 


c+, c+ 

d k + , d\ 


(2k - l)n-m + 1 
(2k — l)n — m 


max(G_|_) + knR 2 + ■■■ 
kirR 2 + ■■■ 


ik 3c 

a , a 


(2k - l)(m + n) + 1 
(2k - l)(m + n) 


max(Go) + kirR 2 H 

kirR 2 + ■■■ 


, d k i 


(2k - l)(m + n) + 1 
(2k - l)(m + n) 


max(G_) + kirr 2 + • • • 
kirr 2 H 



Table 1: Actions and indices 



Each of the level sets of 1 -periodic orbits is nondegenerate in the Morse-Bott 
sense and so has a relative Conley-Zehnder index. These indices are listed in 
the second column of Table ^ For a discussion of the calculation of the relative 
indices of the level sets of type c+ and d+, the reader is referred to ^21 ESI- By 
construction, the levels of type Cq , d^, and d k _ can be treated as if they are 
contained in R 2 ( m+n ) and the relative indices can be easily derived from the 
calculations in |19j . 

To prove Proposition 15.11 we also need to utilize the corresponding objects in 
the Lagrangian setting which are obtained using the translation described in 
Section 14.51 For the translations of the model Hamiltonians we still have 

Since the 1 -periodic level sets of the model Hamiltonians are all Morse-Bott 
nondegenerate, they each get mapped to a clean intersection in W. We de- 
note the clean intersection corresponding to the level c by c, and note that 
c and c are diffeomorphic and have the same action value and relative index. 
For example, the map takes c\ to a clean intersection c\ of G^ , such 

that every 1 -periodic orbit x(t) C c\ gets mapped to the intersection point 

(x(0),x(0))e An (0i )-i(A). 
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5.2 The constants a and b 

We choose the constants a < b so that 

max(H) < a < max(G_) + irr 2 < max(G + ) + irR 2 

<b< max(G+) + 2ttR 2 . (17) 

Since max(H) > ttR 2 , the following periodic level sets do not have actions in 
the interval (a, b) and may be ignored: d+ , dp , dL , and the levels and Cq 
for fc > 2. 



5.3 The homomorphisms Orwrw and Orwrw 

Proposition 5.2 For a < b as in (|17|) and no = m + n + 1, we have 

HF^(A, Go^) = HF#(A, G w ) = Z 2 , 
and the homomorphism 

Oqwqw ■ HF£' fc (A, G^) -> HF"' o 6 (A, G™) 
is an isomorphism. 

Proposition 5.3 For a <b as in Q17|) and no = m + n+1, the homomorphism 
is surjective. 

Together, Propositions 15.21 and 15.31 imply that the map 

CqWqw = VqWqw ° ^qWqw ■ HF^' (A, G + ) — >■ HF^' Q (A, Glf ) 
is nontrivial and Proposition 15. II follows. □ 



5.4 Proof of Proposition I5T21 

By the identifications (fl3|) and l[T%|) from Section ESI it suffices for us to prove 
Proposition 15.21 for the corresponding Hamiltonian Floer homology groups. 
That is, we may prove that 

HF®' (G ) = HF*' 6 (GL) = Z 2 , 

and the map 

a G _ Go : HF«' b (G )^HF^(G_) 
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is an isomorphism. 

First we consider the group HF"' 6 (Go) = HF^' b (A, Go) . By our choice of the 
constants a < b from Ijl7jl . we know that Crit"' (Aqw) consists of the points in 

Cq and possibly one other clean intersection of type d$ for some k > 2. We will 
show that the group HFno(A,Go) is determined solely by Cq. In particular, 
we show that HF%q(A,Go) corresponds, via Theorem 14. 11 to Hq(cI; Z 2 ) . The 
group will be shown not to depend on the intersections of type d$ with k > 2 , 
because their relative Maslov indices are too large. 

We first note that we may choose the function Go such that the action of Cg is 
distinct from the actions of the dg , for k > 2. We may then choose constants 
a' and b' with a < a' < Aq q (cq) < b' < b, such that 



Crit a '> b ' \A d w) = c^. 
Applying Theorem 14.11 to the clean intersection Cg , we get 

HFi fe '(A,G ) = H (cl;Z 2 ) = ^ (5 2(m+n) - 1 ; Z 2 ) = Z 2 . 
To prove that HF^' Q b (Go) = Z2, it remains for us to show that 

HF^'(A,Go)=HF^(A,G ). 

Using the exact triangle from Lemma 14 . 61 (twice) . we see that it suffices to show 
that the groups HF"' a (A, Go) and HF^ 1 (A,Go) are trivial for * = no and 
* = no — 1 . 

As described above, for the action window determined by a and 6, the only 
way in which the groups HF"' a (A, Go) and HFA j(A, Go) can be nontrivial is 
if they are generated by a clean intersection of type d\ with k > 2. In fact, 
only one of the intervals (a, a') and (b,b r ) can include the action of some d^. 
So, by Theorem 14. H we either have 

HFr'(A,Go) = ^^ Maslov(rfl(5o) (^ {m+n) - 1 ;^) 

HF%(A, Go) = ^ +1 _ maalov{dl a ) (^ 2(m+ " ) - 1 ; Z 2 ). 

Now, the relative index of each dg with k > 2 satisfies 

/^Maslov (^0' ^0) > 3n — 3 > 2no- 
Thus, for * = no and no — 1 , these groups are indeed trivial as required. 
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The fact that HR 



a,b i 



uq{G-) = HF^' Q (A, G_) = 1j2 , can be established using a sim- 
ilar argument. The only difference in this case is that the groups HF*' a (A, G_) 
and HF^'1 1 (A,G_) may both be nontrivial. However they are still generated 
by clean intersections of type d_ for k > 2 , and so for * = tiq and no — 1 these 
groups still vanish. 

To prove that the map ctq_q is an isomorphism in degree no we consider the 
homomorphism induced by the monotone homotopy shown in Figure 3 This 
homotopy is transversal to the interval (a, b) as per Definition 14.91 and the 
Morse-Bott nondegenerate submanifolds of periodic orbits, iVj, are spheres of 
dimension 2(m + n) — 1 . 

For simplicity, the total monotone homotopy is broken into two steps. This 
allows us to factor the total Floer continuation homomorphism o"g_Go as the 
composition of two homomorphisms. We prove that each of these factors is an 
isomorphism in degree no . 



max(Go) 



Go 



R 



Step 1 



max(G_ 



R 



Step 2 



R 



Figure 3: The homotopy in two steps 



During the first homotopy, the maximum of the function Go is decreased to 
coincide with max(G_). This is achieved by decreasing the absolute value of 
the constant slope. Since max(Go) and max(G_) are arbitrarily close, it is 
clear that the level sets of 1 -periodic orbits change only slightly during this 
homotopy and no new periodic orbits with period one and action equal to a 
or b are created. By Lemma 14.81 the homomorphism induced by this step of 
the homotopy is an isomorphism in Hamiltonian Floer homology restricted to 
actions in (a, b) . 

During the second homotopy the radius of the "spike" is decreased but its slope 



remains constant (see Figure 3). More precisely, the Hamiltonians which occur 
in this homotopy are of the form G s = a s (\\p\\2 m + \\z\\ 2 ) , and the only change 
which occurs is that the size of the interval on which a s take its maximum 
value decreases. Hence, each of the Hamiltonians G s has its 1-periodic orbits 
located on two finite sequences of 1-periodic level sets, {c k (s)} and {d k (s)}. 
The relative indices of the these level sets are 

u CZ (c fc (s), G s ) = {2k - l)(m + n) + 1 
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and 

n cz (d k {s),G s ) = {2k-\){m + n). 

We note that for k > 2 all of the relative indices are greater than no + 1 = 
m + n + 2. 

The actions A Ga {c k {s)) and A Ga {d k (s)) are smooth decreasing functions of s. 
We now determine which of the levels can attain the action values a or b . The 
functions A Gs (c k (s)) are always greater than a and can only attain the value b 
when k > 2, since, for fe = 1, the action starts at A G _ 1 (c 1 (—l)) as ^c7 ( c o) = 
max(G + ) + vr J R 2 + - • • < 6. The functions ^ Gs (d fe (s)) can only take the values a 
or b for > 2 since, for k = 1, the action starts at ^4c_ 1 (<i 1 (— 1)) rj „4g (cIq) = 
7T.R 2 + • • • < a. As noted above, the relative indices for k > 2 are all greater 
than m + n + 2, so it follows from Proposition 14.101 that the monotone Floer 
continuation map induced by the second monotone homotopy is an isomorphism 
in degree no = m + n + 1 . This completes the proof of Proposition 15.21 □ 



5.5 Proof of Proposition 15731 

For -k = and +, we know that the set Crit a,b (A G ) consists of c\ and possibly 
one other clean intersection of type d\ with k > 2. In considering the map 
Gqwqw acting on BF^(5, G + ) , the clean intersections of type d% may again 

be avoided as they were in the proof of Proposition 15 .21 More precisely, we may 
assume that the actions of c\ are distinct from the actions of the for k > 2 , 
and choose constants a' and 6' with a < a' < A G (c£) < b' < b, such that 

Crit a '' b '(lg r )=^. 

The same arguments used to prove Proposition 15.21 now imply that the groups 
HFr (A, G+) and HF^ 1 (A, G*) are trivial for * = no and * = no — 1. It 
then follows from repeated use of Lemma 14.61 and Lemma 14.71 that proving 
Proposition 15.31 it equivalent to showing that the map 

a ^ : HF«'/ (A, G+) — >• HF^ fe ' (A, Gf ) 

is surjective. To prove this, we will need to study the map a^ w ^ w at the chain 
level. As described in Remark 14.31 this requires us to consider approximations 
GX of G% and Gf of G^ , such that the 1 -periodic orbits of G%' and Gf' 
with actions in (a',b') are nondegenerate. 

Proposition 5.4 The approximations G^f' and G^" can be constructed so 
that there is a point x* in W with the following properties: 
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(1) The point x* lies in the intersection Crit^ Q ' fe (Aqw') H Crit" ' b (Aqw')- 

(2) The class [x* + to] is nontrivial in HF"' ' b '(A, G+') for some chain w in 
CF^'(A,Gf ) with A d w>(w) <A dw >(x*). 

(3) The class [a;*] is nontrivial and generates HF^j 6 (A, Go""). 

(4) At the chain level, cr^w* qw 1 (x* + w) = 5* . 

At the level of homology, Proposition 15.41 implies that 

a^w'QW'{[x^ + to]) = [a?*] / 0. 

In particular, the map 

a drdf/ : HF*' ' 6 ' (A, Gf ) - RF< b '(A, Gj') 

is surjective. By Remark 14.31 the same conclusion holds for a^w^w, and by 
the discussion above this implies Proposition 15.31 □ 



5.6 Proof of Proposition [531 

For our choice of a' and b' , we have 

c\ = Crit a ' > b ' (A d w ) and c\ = Crit a ' > b ' (A d w ) • 

Let h+ ■ ci. — > R be a Morse function and let <7 + be a metric on ci such that 
the corresponding Morse complex is well-defined. Similarly choose a Morse 
function and metric (ho, go) on cj. Theorem 14.11 then yields, for sufficiently 
small 5 > 0, the following strong equivalences of chain complexes: 

(C(h + ), d g+ ) ee (CF a '< b '(A,G^ + ^ + ), 9 Jg+ J (18) 

and 

(C(h ), d go ) ee (CF a '' b '(A,G w/ + ^ ), JflOit ). (19) 

We recall here the important point that this strong equivalence implies that the 
critical points of the Morse functions are exactly the points of intersection which 
generate the corresponding Lagrangian Floer complexes. The equivalences (|18|) 
and (|19|) will be used to prove Proposition 15.41 at the level of Morse homology. 
In particular, we will set = +SHh + and &q = Gq +8Hh Q for special 
choices of the Morse functions h+ and ho ■ 

The definition of these functions involves the following simple model. Let 

height* : S k C R k+1 -> R 
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denote the height function on the standard /c -dimensional unit sphere given by 
the restriction of the function 

(x\, . . . ,x k +i) i-> xi. 

For a (linear) subsphere of S k defined by I linear conditions of the form Xj = 
where j / 1, the restriction of height^ clearly agrees with the function height fc _; 
and the critical points of the two functions coincide. 

Recall that is an S' 2 "' -1 -bundle over M. To define h+ we first choose a 
Morse function Jm ■ M — > M which, for simplicity, we assume is self-indexing 
and has only one critical point of index 2m at pg x £ M. In other words, if 
Crit(/Af) = {pj}, then 

fitfipj) = (J>Morse(pj,h + ), and (/M) _1 (2m) =Vi m =Pfix- 

The lift of fu to c\ is a Morse-Bott function whose critical submanifolds 
correspond to the fibres of c l + over the points pj . To define h + we perturb the 
lift of /m near each of its critical fibres as follows 

h+(p, z) = f M (p) + e ^2 r)j(p) heighta^!^). 

Pj eCrit(/ M ) 

Here, each r\j is a smooth bump function on M which has support near pj 
and attains its maximum value, one, in a neighborhood of pj . For sufficiently 
small e > 0, h + is a Morse function whose critical points lie in the fibres over 
the points pj G Crit(/M) where they coincide with the critical points of the 
function height 2n _i on the fibre. In other words, each critical point pj of /m 
gives rise to exactly two critical points of the perturbation h+ , which we denote 
by x j+ an d < ^ tom . The Morse index of x* op is given by 

A t Morse(^°+) = /^Morse(Pj) + 2n - 1 

and similarly 

MMorse (:£,■,+ ° m ) = ^Morsefe)- 

Note, that the function h+ restricts to the fibre of c\_ over pj as 

f M ( Pj ) + e ■ height^ . (20) 

Now, the level set Cq is diffeomorphic to 5' 2 ( m + n )- 1 ; and, by the definitions of 
G + and Go , it is clear that c\_ n is equal to the fibre of c\ over pg x e M . 
We define the Morse function h® : c\ ~ ( S ,2 ( m + n )- 1 — > R by the equation 

/io = /mW + e • height 2(m+n) _ 1 . 

As described above, the restriction of ho to cLHcq agrees with the restriction of 
h + (see (I2U(I ) and the two critical points of ho , which we call 4 op and x [j ottom , 
coincide with < and x^'™ , respectively. 
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5.6.1 Proof of part (1) 

Set 

~ bottom bottom 

x * — x 2m,+ — x 

Under the identifications (|TH|) and ffTTTft , it follows that the point x* £ W belongs 
to both Crit a ' ,fe '(.Agw') and Crit a ' ' b ' (A^*) ■ 

The critical point Xj™'™ has Morse index 2m and the clean intersection c\_ 
has relative Maslov index n — m + 1 . It follows from Theorem 14.11 that x* has 
Maslov index (2m) + (n — m + 1) = m + n + 1 as an element of Crit a ,b (Aqw 1 ) • 
Similarly, has Maslov index m + n + 1 as an element of Crit a ,b (A^w 1 ) • □ 



5.6.2 Proof of part (2) 

Let g+ be a metric on c\_ for which the Morse chain complex (C(h + ),d g+ ) is 
well-defined. This complex has a natural filtration coming from the function 
Jm on M . More precisely, let Cij(h + ) be the Z2 -vector space generated by 
the critical points x of h + such that /UMorse( x > ^+) = « + j and 2 lies in the 
fibre over some pk £ Crit(/M) where HMome(Pk, Im) = i- Then 

^ = (i3 ^ 

•^"oCfc -^"lCfc • • • C J^kCk, 



admits the filtration 



where 



Since we are only considering coefficients in the field Z2, the corresponding 
spectral sequence converges to H*(c+,7j2) ■ It is easy to see that the £' 1 -term 
is given by 

E}j = C t (f M ) ® HjiS 2 "- 1 ^) = Qj. 



Lemma 5.5 The E 2 -term of the spectral sequence is 

El^H^M.H^- 1 ^)). 

A proof of this well-known result has been included in Appendix B. 



Geometry & Topology, Volume 9 (2005) 



Squeezing in Floer theory and refined HZ-capacities 



1823 



To prove Part (2) of Proposition 15.41 we first note that E 2m = Z, 2 and is 
represented by x* = xi^*? 111 . Let 0k denote the k th Z2-Betti number of M. 
It follows from Lemma 15.51 that 

E 2m = E 2m,Q © E 2(m-n)+l,2n-l = Z 2 © Z 2 3(m_n)+1 . (21) 

In addition, the assumption that the unit normal bundle of M is homologically 
trivial in degree 2m implies that 

H 2m (cl,Z 2 ) = Z 2 ffizf ( ™- n)+1 . (22) 

Since the spectral sequence converges to iT*(cq_, Z2), equations (f2*T|) and l(2*2*]) 
imply that E 2m0 is isomorphic to Z2 and is generated by [x#] for all k > 0. 
Moreover, x* must appear nontrivially in a representative of a nonzero class in 
H2m(c+,Z 2 ) . We denote this class by [x* + w] 

By the strong equivalence of complexes from (|18j) and our choice of /i + it is 
clear that x* has the largest action in Crit° ' 6 {Aqw 1 ) ■ This completes the proof 

of Part (2). □ 



5.6.3 Proof of part (3) 

The point x* = XQ° ttom is the unique global minimum of ho . Since 

H*(C(h ),d go ) = ff*(^,Z 2 ) = ^(5 2 ( m+n )- 1 ,Z 2 ), 

the class [x*] must represent the nontrivial class Ho(C(ho), d go ) . Part (3) then 
follows immediately from the strong equivalence of complexes from (I19|) . □ 



5.6.4 Proof of part (4) 

Let v + e Crit a '' fe '(G^') and v € Cmt a '> b '(G^' ) . For a monotone homotopy 
GY' from G^" to G^' and a generic family of almost complex structures J s j , 
consider an element u G A1 s (u+, wo, ,J s ,t)- By inequality (|12j) . we have 

^4gw"(«o) < ^4gH"(v + ) 

with equality only when u(s,t) does not depend on s. 

Setting v + = x* =Jvo and noting that Aq W '{x*) = Agw>(x*) it follows that 
the moduli space M. s (x*, x*, GY ,Js,t) contains only the constant map. 

We also know that x* has the smallest (Aq W > ) -value in Crit a ' b (A^w')- Since 
any v + which appears in w with nonzero coefficient satisfies 

Aq W '(v+) < Aq W '(x*), 
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we have M s (v+, 2*, G^' , J s ,t) =0- 

By the definition of the map a^ W ' r,w we get a^ W ' r,w (x* + w) = x* , as 

u o Lr + < - r o Ct + 

desired. □ 



Appendices 

A Area bounds for plane curves with positive cur- 
vature 

We begin by recalling the statement of Proposition ^. 121 

Proposition A.l Let £: [0, T] — > R 2 be a closed planar curve with constant speed 
v, rotation number k, and positive curvature K(t)/v such that < K_ < K(t), The 
Euclidean area enclosed by £, A(£) , satishes 

< A(0 < kA(v/K) 2 . 

Proof A closed piecewise linear curve is called a box curve if each segment is either 
vertical or horizontal. We can assume that as one traverses the curve the segments 
alternate between vertical and horizontal. A box curve is said to be positive if one 
always makes a left turn between segments as one follows the curve in a counter- 
clockwise manner. Note that any positive box curve is completely determined (up to 
translation) by two finite sequences of positive numbers {aj} 2 ^ and {bj} 2 ^ such that 

2k 2k 

Here the cij are the lengths of the vertical segments and the bj are the lengths of the 
horizontal segments and we use the convention that the first segment corresponds to 
ai . The rotation number of the curve is clearly equal to k. (See |Figure 4| ) 

To prove Proposition 12. 121 we will associate to a positive box curve such that 

A(0 < A(g) < M(v/K) 2 . 

Note that 

i(t) = (vcos6(t),vsm6(t)) 
where 0{t) is the solution of the initial value problem 

9 = K(t), 9(0) = 0. 
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Figure 4: A positive box curve 

We define the value tj as the unique solution of the equation 

9(t j )=jn. 

Similarly, we let Tj be the solution of 

0fa) = f+j7r. 

For j — 1, ... ,2k we then set 

a>j = y(tj) ~ y(tj-i) and bj = x(tj) - x(tj-i). 
These sequences determine the box curve £ illustrated in |Figurc~5| Clearly, 

A® > A(0. 
Moreover, for all j = 1, . . . , 2k we have 

a,, < 2'y/Jf. 



Figure 5: The curves £ and £ 
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i] 

■ij, 

for all j = 1, . . . ,2k. Then 

-2 



Lemma A. 2 Let £ be a positive box curve determined by the sequences {o 3 -}|*i and 

a 3 , bj < c 

< A(£) < kc z 
Proof For convenience we set 

i 

2i=E(- 1 ) J ' +lfl i- 

3=1 

The area of £ is then given by the formula 

A(£) = b{ai - b 2 a 2 + ■■■ + hk-Ak-i- 

Consider the positive box curve £ determined by the sequences {a,}^ and {Sj}?^ 
where aj = cij and bj = c. We then have 

j4(£ ) = cai - ca 2 + ■ ■ ■ + ca 2 fc-i 

= (&iai - ... + &2Jfe-ia2k-i) + ((c- 6i)ai - ... + (c - &2fc-i)o2k-i) 
= + ((c - 61)01 - ... + {c - b 2 k-i)a 2 k-i) ■ 

The second term is the area of the positive box corresponding to the sequences {aj}^^ 
and {c — &i}f=i ■ Hence this term is nonnegative and we have 

Ml) > MO- 

Finally, 

Ml) = c(ai — a 2 + • • ■ + aafc-i) = c(ai + a 3 + ■ ■ • + a 2 fc-i) < /cc 2 . □ 
Applying Lemma TA. 21 to the positive box curve £ defined by £, we obtain Proposition 

co □ 



B Spectral sequences for the Morse homology of fi- 
bre bundles 

Let pr : _P — > £? be a fibre bundle with a closed base -B and with closed fibres diffeo- 
morphic to a manifold F . Let ft-s : — > M be a self-indexing Morse function with 
critical points {bj}, ie hsipj) — MMorsc(^, ^b)- The lift of /is via pr is a Morse-Bott 
function on P whose critical submanifolds are the fibres of P over the points bj . We 
can construct from hs a useful Morse function on P by perturbing pr*hs close to 
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its critical fibres as follows. Let Vj be a small open neighborhood of bj in B over 
which the bundle P is trivial and let r\j be a smooth bump function on B which is 
supported in Vj and attains its maximum in a neighborhood of bj . Define the function 
h : P -» M by 

h(b,z) = h B (b)+e 

6 3 eCrit(/i B ) 

where /: F — > M is chosen to be Morse. For sufficiently small e > 0, h is Morse and 
all its critical points lie in the fibres pr~ 1 (bj) w F where they coincide with the critical 
points of the function / . 

Fix a metric g on P for which the Morse chain complex (C(h),d g ) is well-defined. 
That is, we assume that the stable and unstable manifolds of the gradient vector field 

V h , g = grad(ft,s) 

intersect transversally. The chain group C(h) is the Z2 -vector space generated by 
the critical points of h. The boundary operator is defined using the moduli spaces, 
122(2;, y) , of integral curves of —Vh, g (x) going from x G Crit(/i) to y € Crit(/i) . By our 
assumption on V/j ig , each m(x,y) is a smooth manifold of dimension fj,Morse(x, h) — 
MMorse(2/) /i) on which R acts freely by translation. The map d g is then defined by 

d g (x)= Yl #(m(x,y)/R)-y, 

where #(m(x,y)/M.) is the number of elements in m(x,y)/M. modulo 2. 

Our special choice of the function h yields a natural filtration for the chain complex 
(C(h), d g ) . More precisely, let Cij(h) be the Z 2 -vector space generated by the critical 
points x of h that satisfy 

AiMorsc(a;, h) = i + j and ti M orso(pr(x), h B ) = %■ 

Then each graded component 

cm = c id (h) 

i+j=k 

admits the filtration 

W)cfA(ft)-c^(ft), 

where 

^•C' fc (/i) = ®C i , fc _ i (fc). 

The assumption that ft-s is self- indexing implies the following useful fact: For x € 
Cij(h) and y € Ci'j'(h) the moduli space m(x,y) is empty whenever i' > i. This 
follows from the fact that /i(x) < It implies that the boundary map respects the 

filtration and we get a spectral sequence E^- . 
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Let d k : Cij(h) — > Ci-k j+k-i{h) be the map which is defined on the generators a; <E 
Ci,j(h) by ' 

9 fc (x)= £ #(m(x,y)/R)-y. 

MMorseC?/, ft) = i + j — 1, 

MMorsc (pr(v), /*s) = i~ k 

The Morse boundary operator <9 S decomposes as 

fc>0 

Moreover, for each k > we have d k o d k = and 

E*f 0*). 

Since we are using coefficients in the field Z2 the spectral sequence converges to 
#*(P,Z 2 ). That is, J5*j = £^+1 = for all sufficiently large k, and 

H l (P,Z 2 )= 

It is easy to see that the E 1 -terms are given by 

El d =C i (h B )®H j (F,Z 2 ). 
The point of this appendix is to provide a proof of the following well-known result. 

Proposition B.l The E 2 -term of the spectral sequence is 

E^ j =H i {B,H i {F,Z 1 )). 

Our proof of Proposition IB . II utilizes the generalization of Morse homology to gradient- 
like vector fields. This argument is motivated by the recent work of Hutchings |40|. 

Recall that a vector field V is a gradient-like vector field for a Morse function h : N k — > 
R if 

• dh(V) > away from the critical points of h, 

• near each critical point x of h, V has the form of a negative gradient vector 
field —Vh.g for some metric g. 

If V is gradient-like for h and the stable and unstable manifolds of its flow intersect 
transversely, then V is said to be Morse-Smale. Given such a vector field, one can 
construct a Morse complex (C(h), dy) in the usual way. 

The resulting homology H*(C(h),dv) does not depend on the choice of V and is equal 
to ff* (N) . To see this consider two Morse-Smale gradient-like vector fields for h , V\ 
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and V2 ■ For s £ R let V s be a family of vector fields such that V s = V\ for all s < — 1, 
= V2 for all s > 1, and dh(V s ) > away from Crit(/i) for all s £ R (such families 
always exist). As in Floer theory, this determines a continuation chain map 

°v 2 ,Vi- (C(h),d Vl ) -> (C(h),d V2 ). 

The map is defined by counting the solutions u : R — iV of the equation 

u(s) = -V s (u(s)). 

The usual arguments imply that at the homology level crv 3 ,v 2 °~v 2 ,Vi — o~v 3 .Vi and 
0V,v = Hence H*(C(h),dv) does not depend on V. Letting V — grad(h,g) for a 
generic metric g on N it follows that 

H4C(h),dv) = H*(N). 
B.l Proof of Proposition IBTTI 

Let Vi = Vh, g - The idea of the proof of Proposition IB. II is to first construct another 
gradient-like vector field V2 for h which admits its own spectral sequence ■ such 
that £ fj — Hi(B, Hj(F, Z 2 )) . Then we show that the continuation map cry 1 y 2 induces 
an isomorphism from ■ to £f j . 

To define V2 we follow 0U| ■ Let hs '■ B — * R and / : F — * R be the functions used 
to define h. Let jb be a metric on B for which the gradient vector field Vb = 
grad(/is, gs) is Morse-Smale. Let gF be a fibrewise metric on the total space P and 
let Vf be the fibrewise gradient field of / with respect to gF ■ Fixing a connection on 
P we set 

V 2 = V F + -Hot(V B ) ) 

where Hor(Ve) is the horizontal lift of Vb- Clearly, V2 is gradient-like for h. For a 
generic choice of the fibrewise metric gF, Vi is also Morse-Smale 001 ■ I n addition, we 
may assume that the pairs {f,g F (bj)) are Morse-Smale for every critical point bj of 
h B . 

The boundary map of the corresponding Morse complex (C(h),dv 2 ) also respects the 
filtration 

r C k (h) C FxCnih) • • • c T k C k (h), 
and yields a second spectral sequence • . 

Lemma B.2 £f j = Hi(B, Hj(F, Z 2 )) 

Proof The following identification is obvious 

£?j = C i j(h) = Ci(hB)®C j {f). 
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The boundary operator dy decomposes as 

d v = Y, d v, 

k>0 

where each d k : Cij(h) — > Ci-k,j+k-i(h) is defined as above. Hence, 

eft 1 = H^d"), 

and we have 

£lj = C i (h B )®H j {F > Z 2 ). 
It suffices for us to prove that 

db(b®[a]) = d gB (b)®[a], (23) 
for each critical point b € Critj(/is) and each class [a] <E Hj(F, Z2). 
By definition 

d^{b®[a]) = ^ ^ #(m(&®a,c<g>/3)/R)c® [£]. 

ceCriti.iCfts) L8]£i?;,(F,Z 2 ) 

Consider a trajectory 7 S m(6(g)a, c®/3) . By the definition of V2 the projection of 7 to 
.B is a gradient trajectory 7^ of hs with respect to gs- Let us choose a trivialization 
of P over 7b and note that this yields a homotopy of functions h s = h\ pr -it~ g r s -)\ on 
F and metrics g s = <?f(7b(s)) on F . 

In our trivialization the set of trajectories of V% which project to 73 are then distin- 
guished by their fibre components. It is easy to see that these fibre components are 
exactly the trajectories counted in the Morse continuation map from (C(/), <9 ffF (6)) to 
(C(/), dg P {c)) that is determined by the homotopies h s and g s . Since the continuation 
map induces an isomorphism in homology we have [a] — [f3] . 

Summing over the gradient trajectories of hs from b to c we obtain Q23[l. □ 

Lemma B.3 The map o~v t ,v 2 J ' s a morphism of filtered complexes and hence it induces 
an isomorphism from to S^j for all k > 0. 

Proof By construction o~v 1 ,v 2 IS a chain map. To prove that it is a morphism of filtered 
complexes it remains to show that cry 1) y 2 (^C*(/i)) C TiC*(h). Let x £ !FiC.,(h) and 
suppose that y appears in the image of x under <Jv 1 ,v 2 ■ It follows from the definition 
of the map oy lt v 2 that h(y) < h(x) . Since h is a perturbation of the self-indexing 
function Kb this implies that y £ TiC*(h). □ 
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